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PREFACE | 


N the present treatise, I have attempted to present 

the subject of Homogeneous Coordinates (particular 
attention being paid to Areals and Trilinears) in as 
concise a form as 1s consistent with clearness. In writing 
the work, I have kept continually in view the needs of 
Honours Students at the Universities and of pupils 
specialising in Mathematics at Secondary Schools. The 
book is intended to teach processes and methods, rather 
than results, and I have, therefore, in most cases explicitly 
stated in black type without proof geometrical results 
which belong more properly to the province of Pure 
Geometry, and in an explanatory note (p. xi) have given 
references to other works in which demonstrations may 
be found. In this way a considerable amount of ground 
has been covered and the book has not been made unduly 
long. 

It is hoped that the present treatise will provide a 
suitable introduction to such works as Salmon’s Conics 
and Higher Plane Curves, which are usually found rather 
hard reading by students who approach them for the first 
time without some previous grounding in the methods of 
Homogeneous Coordinates. 

The method of treatment throughout has been made 
as geometrical as is possible in a book intended primarily 
to teach analytical methods. The principles and processes 
of Tangential Coordinates receive full explanation, and 
the analogy between the results obtained for line- 
coordinates and the results previously obtained for 
point-coordinates is at every stage carefully pointed out. 
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The tangential equation to the Circular Points at Infinity 
is found at the outset in Chapter IV. in dealing with 
Circles, Rectangular Hyperbolas, Foci etc., and thus, by 
treating the Circular Points as a degenerate conic, many 
previous results in conics can be at once quoted. In this 
way much memory work is avoided. The last chapter 
on Parametric Representation will, 1t is hoped, be found 
particularly useful, especially by those who intend tc 
study the more advanced portions of geometry. 

The examples have for the most part been collected 
from the Scholarship Papers set at the various Colleges in 
Cambridge, and I have to thank the Syndics of the 
University Press and the various College Tutors for their 
kind permission to make use of them. 

I wish also to express my indebtedness to J. H. 
Grace, Esq., F.R.S., formerly Fellow of St Peter’s College, 
Cambridge ; H. C. Beaven, Esq., M.A., Head of the Mathe- 
matical Department, Clifton College; Peter Fraser, Esq., 
M.A., B.Sc. Lecturer in Mathematies at the University 
of Bristol; F. C. Stephen, Esq., M.A., Emmanuel College, 
Cambridge, for kindly criticising the work while in manu- 
script form and giving many valuable suggestions. I am 
also under great obligations to Dr Charles M°Leod, Senior 
Mathematical Master, Aberdeen Grammar School, who 
not only read the work while in manuscript but also 
revised the proofs while it was passing through the press. 


I should be deeply grateful for any corrections or 
suggestions from those who may use the book. 


W. P. M. 


CLIFTON COLLEGE. 
July, 1910. 


whom 


CONTENTS 


CHAPTER I. 


THE STRAIGHT LINE. 


Areal Coordinates . 
Identical relation e+y+z= 1 
Actual Areal Coordinates 
Homogeneity in equations 
Trilinear Coordinates 


Coordinates of a eS jom of two > points in given 
ratio 


Equation of line j qoininig two pointe ; 

Equation of line through intersection of two given lines 

Condition for collinearity of three given points 

Coordinates of intersection of two given lines 

Line at Infinity 

Condition that two lines be parallel 

Examples : ; ; 

Line-Pairs j . 

Condition that general Santon of second degree repre- 
sent a Line-Pair : : . : ‘ 

Cross-Ratios . 

Condition that two pairs ‘of lines harmonically separate 

Four given points. The Complete Quadrangle 

Four given lines. The Complete Quadrilateral 

EXAMPLES I 


CHAPTER II. 


TuHeE Conic. 


General equation of second degree . 
Equation to tangent. 
Joachimsthal’s Ratio Equation 
Equation to tangent 

Equation to Polar Line . 
Condition for Conjugate Points 
Equation to pair of ingens 3 
Circum-Conic . : 


rg 
> 
Q 
H 


© © © & SS OF bo = 


oO St oe Oem Se 


CONTENTS 


Conic touching two sides of triangle of reference where 
they are met by the third . ; 


Conic with respect to which eer of reference i is 2 self. 
conjugate . ; : ‘ 

Canonical form of the equation to two given conics 

Inscribed Conic 

Examples ‘ 

Coordinates of pole of given line 

Centre of given conic. 

Four-Point System of Conics . 

Contact of Conics . 

Examples 

Criteria for species of eenie: ellipse, hyperbola ees 

Point of contact of Eee with Line at Infinity. 

Asymptotes : : : : 

Equation to asymptotes . 

Examples 

EXxamPLes II. 


CHAPTER III. 


TANGENTIAL COORDINATES. 


Tangential Coordinates . : 

Line passing through intersection of two given lines 
Line joining two given points ; . 
Tangential coordinates of sides of triangle of reference . 
Line at Infinity 

Tangential Equations 

Tangential Equation to Point : 
Generating elements in Loci and Envelopes ‘ : 
Principle of Duality applied to ue of first degree. 
Examples : , ; 
Tangential Equation to Conic 

Tangential Coordinates of tangents through given point 
Dualistic aspect of a conic 

Examples 

Tangential equation to point of contact of tangent 
Tangential equation to pole of given line : 
Condition that two lines be conjugate with respect to conic 
Inscribed Conic 


Conic touching two sides of eimnele of sneiorents where 
met by third side 


PAGE 


(ONS OOP whe 


pot ed pe 
orc 


13. 


CONTENTS 


" ‘Tangential equation of conic ereniueeee to ag 
of reference : ; eo : 

Circum-Conic . : 

Point equation to conic given as a tangential equation . 

Examples : 

Canonical form in tangentials for equations to two conics 

System of Four-Line Conics . 

Examples ; 

Pair of Points viewed as a , degenerate conic in tangentials 

Contact of Conics in Tangential Coordinates . 

Examples ; : : 

Centre of conic given in tangentials 

Asymptotes . 

Reciprocation with regard to the base conic 2°. +7? tim 0 

Dualistic Interpretation of Equations in Homogeneous 
Coordinates : : : : ‘ : 

Example of Dualistic Processes 

EXAMPLEs III 


CHAPTER IV. 


THE CrrcuLaR Points aT INFINITY. 


Statement of Geometrical Propositions to be used. 

Circum-Circle . 

Tangential Equation to Circular Points at Infinity 

Condition of perpendicularity of two lines 

Conditions for a Circle . : ; 

Condition for Rectangular Hyperbola 

Radical Axis of two Circles ‘ : 

Convenient form for equation to any given circle ‘ 

Point Equations to Nine-Points Circle, Polar re 
Inscribed Circle, Escribed Circles . P 

Examples 

Tangential Equation to circles having given centre 

Tangential Equation to circle having given centre and 
radius 

Tangential Equations to Inscribed Circle, Escribed 
Circles, Circum-Circle, Polar Circle. 

Equation to Radical Axis of two given circles 

Foci 5 

Conics having two given points as Foci . 

Parabolas having given focus. 

Examples 

EXxaMPLes IV 


CONTENTS 


CHAPTER V. 


PARAMETRIC REPRESENTATION. 


~ Homogeneous Coordinates ; various forms of equation in 
Homogeneous Coordinates : ; : ; 


Complete Quadrangle 

Complete Quadrilateral . 

Parametric Equation to a curve 

Parametric Equations to a conic 

Converse of Art. 5 . ‘ 

Points of intersection of Conic and given Curve 


Parameters of points of intersection of Conic and sides 
of triangle of reference ; 


Situation of Curve relative to ee of refaranioe 
Example : . 

Chord joining two paints on conic . 

Tangent to conic at point ¢ 

Pole of chord of Conic 


Assigning aes values to three given “points on 
curve , : ‘ 


Parametric equation to Circum-Conie 
Parametric equation to Inscribed Conic 


Parametric equation to Conic for which triangle of 
reference is self-conjugate 


Parametric equation to Conic touching two tied of 
triangle of reference where met by third side . 


Tangential parametric equations 

Situation of curve relative to triangle of erases: 

Example ; 
Tangential parametric equation to Circum-Conic : 
Tangential parametric equation to Inscribed-Conic 


Tangential parametric equation to Conic for which 
triangle of reference is self-conjugate : 
Tangential parametric equation to Conic touching: sides 
of triangle of reference where met by third side 

Examples : 
Cross-ratio of four given rays passing through vertex of 
triangle of reference , : 


Cross-ratio of pencil of four rays in seneral : 
Cross-ratio property of a conic; O i P. Ps a ( tats ] 
Examples 

EXAMPLES V . 


PAGE 


134 
136 
136 
137 
137 
138 
139 


139 
140 
140 
141 
141 
142 


143 
144 
144 


145 


145 
145 
146 
146 
147 
148 


148 


149 
149 


151 
152 
153 
154 
156 


EXPLANATORY NOTE 


In the following list of references to the geometrical theorems stated 
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without proof in black type throughout the text, the abbreviation 
Proj. Geom. refers to the work entitled “ Projective Geometry” 
by L. N. G. Filon, U.A., D.Sc., (Arnold), and Pure Geom. to the 
work entitled “An Elementary Treatise on Pure Geometry” by 
John Wellesley Russell, M.A., (Clarendon Press). 
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HOMOGENEOUS COORDINATES 


CHAPTER I 
THE STRAIGHT LINE 


1. Areal Coordinates. 


Let three given non-concurrent straight lines form 
the triangle ABC (Fig. 1). Let P be a point whose 


Fig. 1. 


Position we wish to define with respect to the triangle 
ABC. We shall regard P as lying on the positive side of 
M. 1 
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BC if P lies on the same side of BC as A. Similarly we 
shall regard P as lying on the positive side of CA if it 
lies on the same side of CA as B, and similarly with 
regard to the side AB, The ratios of the areas of the 
triangles PBC, PCA, PAB to the area of the triangle 
ABC are called the “areal coordinates” of the point P, 
and are denoted thus ;— 


_ Area of A PBC. 
«= Area of A ABC’ 
_ Area of A PCA | 
I= Krea of A ABO’ 


_ Area of A PAB 
“= Krea of A ABC’ 


For shortness of notation we write P=(a, y, 2) to 
denote that the coordinates of P are a, y, z respectively. 
We see at once that 


A =(1, 0,0); B=(0, 1, 0); C=(0, 0, 1). 


We shall always denote the vertices of the triangle of 
references by the letters A, B, C and the corresponding 
opposite sides by a, b, c respectively. 


2. To find the identical relation existing between the 
three areal coordinates of a given point. 


It is to be noted that of the three areal coordinates 
‘of a point, only two are required to define its position 
uniquely. For suppose that x and y are given, then the 
areas of the triangles PBC and PCA are given and hence 
P will lie on each of two determinate lines parallel to BC 
and CA respectively, i.e. at their point of intersection. 
Thus if « and y are given, 2 can be found at once and 
hence a relationship must exist between a, y and z. 
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CasE I, 


Fig, 2. 


Let P lie inside the triangle of reference (Fig. 2). 
Then 


ge + area of A PBC. (eS of A PCA | 
Area of A ABC’ Area of A ABC’ 
pay area of A PAB 
Area of A ABC 
e+y+z=1. 
Case II. 


Next let P lie outside the triangle of reference 
between C'A and BC but on the side of AB remote from 
C (Fig. 3). Then remembering our convention of Art. 1 
as to the negative side of AB we have 


Area of A PBC. Area of A PCA. 


t=+ trea of A ABO’ 1=* Krea of A ABC’ 


__ Area of A PAB 
~ Area of A ABC’ 


a+y+z=1, 
1—2 
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A corresponding proof holds if P occupy similar 
positions with regard to A and B. 


Cc 


Case IIL 


Fig. 4. 
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Let P lie outside the triangle of reference between 
BC and CA but on the same side of AB as C (Fig. 4). 
Then 


Area of A PBC. Area of A PCA. 


~ Area of A ABC’ 4~~ Area of A ABC’ 


Area of A PAB 
Area of A ABC’ 


e+y+z=l1. 


A corresponding proof holds if P occupy similar 
positions with regard to A and B. 


Thus for all positions of P not at infinity, the areal 
coordinates of P satisfy the identical relationship 


e+ty+z=1. 


3. Actual Areal Coordinates. 


In finding the position of a point it is not necessary 
to be given the actual values of the areal coordinates, if 
only we be given numbers proportional to them. Thus 
suppose that the numbers 2, 3, 4 are proportional to the 
actual areal coordinates of a point. Let the actual areal 
coordinates be 2A, 3A, 4A. Then by the fundamental 
identity of Art. 2 

2X. + 3X + 4X =1. 
N=h. 

Hence the actual areal coordinates are 2, 3, 4. 

We shall in general use numbers 2’, y’, 2’ only 
proportional to the actual areal coordinates. Thus the 
“actual areal coordinates” of the point P=(a’, y’, 2’) are 


/ 4 4 


od Bee ee 
a ty +2" a t+y +2’ ao y+ 2° 
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4. Homogeneity in Equations. 
We can always render an algebraic equation homo- 
geneous in w, y, z by means of the identity e+y+z2=1. 
Thus 22°-—4y+3=0 becomes 
2a? — 4y (a +yt+z)+3(a+y+z2P%=0. 


5. Trilinear Coordinates. 

The “trilinear coordinates” of the point P are 
defined to be the three perpendiculars dropped from P 
on the three sides of the triangle of reference, the same 
convention as to signs holding as in areal coordinates. If 
a, B, y be the actual trilinear coordinates of a point and 
x, y, 2 the actual areal coordinates of the same point and 
if A denote the area of the triangle of reference, then we 
can transform from one system to the other by means of 
the formulae 


where a), ), ¢, denote respectively the lengths of the 
sides of the triangle of reference. Then plainly the 
identical relationship connecting the trilinear coordinates 
of any point not at infinity is 

A+ OB + coy = 2A. 

6. If 2, m1, % be the actual areal coordinates of P, 
and 2, Y2, 2, the actual areal coordinates of P., to find the 
actual areal coordinates of a point P dinding the line P,P, 
an the ratio m,:™,. | 

Drop the perpendiculars P,NV, and P,N, to AB. 
Through P draw U,PU, parallel to AB (Fig. 5). 
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My _ P,U, PN-P,N, 


va “Tp. Poa PN 

GaP N Oe ge N, 

a) a7 

Oye teNg Od PN 

9A BA 
_2-& 
fez 
Cc 


M42; + Mp2 
M, + Mz, 


Hence z= 


So for # and y. 
Thus in actual areal coordinates 
Pa (= + MM, MY, +MY. M2, + watt) 
~\om+m, > Mm+m, ~ Mm+m, /’ 
but as we are in general concerned only with numbers 
proportional to the actual areal coordinates, we may write 
more briefly P = (MX + MX, MY F MY2, MHA + M2). 
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1°. N.B. This formula has been proved on the as- 
sumption that 2,41, 2% and 2, Y2, 2, are each the actual 
areal coordinates of P, and P, respectively, but plainly P 
will still be the same point if we use the same multiples 
of the actual areal coordinates, e.g. (Ax,, AY, AZ) and 
(At, AY2, XZ). For P would then become 

P= (MAM, + MAM, MAY, + MAY, MAZ, + MpAZp), 
which is plainly the same point as before. But, if 
we used different multiples, eg. % and yw, thus getting 
P,=(Aag, Ap, X2,) and P,=(wx,, wy., Z,), and inserted 
these in the formula for P, the above formula would not 
then represent the same point P. 


2°, This is one of the very few formulae where such 
a restriction has to be made. In most formulae 


(Ax, NY, d2;), (Xo, Ye) HZ), (vas, VY3, V23) etc., 


where (%, 4%, 2) etc. are the actual areal coordinates of 
the points in question, may be used with impunity. 


7. To find the equation of the straight line joining the 
points (&,, Yr, 2) ANd (a2, Yo, Zo): | 

By last article, if x, y, z be the actual areal coordinates 
of the point dividing the line joining (a, y,, z,) and 
(22, Y2, 22) in the ratio m,:m,, then 


fk MX, + MyXp _ UY + Myo __ 2 + Mrzo 
™ + MM, M™m+M, ” m+ Mz 
Eliminating and ——*— we get as the 
Mm, + My, ™M, + My, 


equation required to the given line 
a y z|=0. 
My WW & 


XZ Yo 22 
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We note also that we may write the above equation as 
AZT Ay Az |=0, 
M12, MY Mn 
Ake AeYo A222 
where A, Aj, Ay are any numerical multipliers. 

Hence in this formula, “actual areal coordinates” need 
not be used. 


COROLLARY. 


The equation to any given straight line is of the first 
degree in x, Y, 2. 


8. To find the general equation to a straight line 
passing through the point of intersection of two given 
straight lines. 

Let the two straight lines be 

LO MY HZ =O. cccrecrsccsevees (1), 
Lot + Moy + NgZ =O.......ccececcvees (2). 
Consider the line 
(e+ my +42) +A (le + my +72) =0 ...(3), 
where A is a numerical multiplier. Since (3) is of the 
first degree in 2, y, zit represents a straight line. Also 
the coordinates of the point of intersection of the given 
two lines satisfy (1) and (2) and, therefore, satisfy (3). 
Hence the line (8) passes through the point of inter- 
section of (1) and (2). 

The constant > can be determined so as to make the 

line (8) satisfy one other condition. 


9. To find the condition that three points be collinear. 


Let the three points (x, 41, 21), (2, Ye, 22), (@s, Ys, 2s) 
all lie on the line 
lx + my +nZ=O oo. cccceseceseees (1). 
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Then lay + my, + 2%,=0 oo... eee eee. (2), 
| [ty + MYs NZ, =O ..reersecesceee (3), 
las + MYs3 t+ NZ=O  ...eceseceeeeee (4). 


Hence eliminating 1, m,n from (2), (3), (4) we get as 
the condition required 


It is perfectly easy to prove in a similar way that the 
condition that the three lines 


Lao+ my + nz = 0, 
La + my + nz = 0, 
Le + msy + 232 = 0 


are concurrent 7s 


L m n |=0. 
lz M_ Ny 
l; Ms 1s 


10. To find the coordinates of the point in which the 
two lines 
[a + MY + N42 = 0, 


Lt + My + Nz = 0 
meet. 


Solve for #: y: 2 getting 


x Yo Z 


MyNg — MN; 7 Mla— Nel, Lym, — lym," 
Hence the point of intersection 


= (mn, — Mn, nl, = Nel, , lim, — 2M, ). 
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11. The Line at Infinity. It can be proved that 
in any system of Homogeneous Coordinates (of which 
Areal and Trilinear Coordinates are only particular 
cases), all points at infinity are to be regarded as lying 
on a straight line (called “the line at infinity)”. 

To find the equation of the Line at Infinity in areal 
coordinates. 

The point at infinity on BC will be that point Z 
which divides BC in the ratio of 1:—1. 

Now Bz=(0, 1, 0) and C=(0, 0, 1) in actual areal 
coordinates. 

Hence ZL=(0, —1, 1) in areal coordinates (Chap. 1, 
Art. 6) as is easily seen, if we use 

P= (m2, + MXlq, MY + MeY2, 42, + M223). 

Similarly 

the point at infinity on CA viz. M=(1, 0, —1) 
and the point at infinity on AB viz. N =(—1, 1, 0). 
Let the equation to the line at infinity be 


lx + my +z =O oo. cece cece eee (1). 
Since Z lies on this line | 
—-m+n=0. 
Hence plainly LSNVEM: sopsusces sae (2) 
and the equation to the “ Line at Infinity ” will be 
e+y+z=0. 


CoROLLARY. 

The Trilinear equation to the Inne at Infinity will be 
HA2+hB + cory =. 

12. To find the condition that the two lines 


La MY + 4ZHO ooo cece eee e eee eees (1), 


Lt + Mey + NeZ =O occ cceeeeeeeeees (2) 
be parallel. 
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Since two parallel lines meet at infinity, we must state 
the condition that the lines (1) and (2) and the line at 
infinity are concurrent, Le. 


L Mm, Ny = 0. 
l, M2, Mg 
1 1 1 


13. We shall solve some Examples. 
EXAMPLE 1. 


The lines joining the vertices of a triangle ABC to the 
mid-points of the opposite sides are concurrent. 

The mid-point of BC is (0, 1, 1). Hence the line 
joining A to the mid-point of BC is y=z. It is obvious 
that the lines y=z2, z=a, e=y all meet in the point 
(1, 1, 1). 


EXAMPLE 2. 


The straight line joining the mid-points of two sides of 
a triangle 1s parallel to the base. 

The mid-point of CA is (1, 0, 1). 

The mid-point of BC is (0, 1, 1). 

The line joining these two points is x + y — z= 0 which 
may be written «+y+z=2z. By Chap. 1, Art. 8 this 
represents a line through the intersection of the line at 
infinity and AB, 1.e. a line parallel to AB. 


EXAMPLE 3. 

If O=(a@, y,, 2) be a point and if D, E, F be the points 
in which AO, BO, CO meet the opposite sides respectively, 
then the points which are the intersections of EF and BC, 
FD and CA, DE and AB are collinear. 

It can easily be seen that D=(0, y’, 2’); F=(2’, 0, a); 
F=(e, y', 0). 


THE STRAIGHT LINE 13 


Hence the equation to HF will be 
—5+54+5=0, 
ce i 


which can be written 


a yf a 
shewing that HF passes through the intersection of BC 
and the line 


Hence it will be plain that the intersections BC, EF; 
CA, FD; AB, DE are collinear and lie on the line (1). 


The Polar Line of a Point with respect to a Triangle. 
If in a triangle ABC, the lines AO, BO, CO meet the 
opposite sides in D, E, F respectively ; and if EF, BC; 
FD, CA; and DE, AB intersect in L, M, N respec- 
tively, then the line LMN is called the Polar Line of 
O with respect to the triangle ABC”. 


14. Pars of Lines. 
It is often convenient to have one equation to repre- 
Sent a pair of lines. Thus consider the lines 
Le + MY + MZH=O  wrrssceceseeees (1), 
[ot + MY + gZ =O .rrceeveecceees (2). 


If the coordinates of any point lying on either of the 
lines (1) and (2) be substituted in the expression 


(La + my +2) (le + Moy + Nz) = 0 ...... (3), 
it will make (3) identically vanish ; and, conversely, if the 
Coordinates of any point make (8) vanish, then one or 
‘Other of its factors must vanish. Hence all points lying 
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on (1) or (2) lie on the locus (3), and all points lying on 
the locus (8) lie on at least one of the lines (1) or (2). 

In particular a line through C will be of the form 
la + my =0 and a pair of lines through C will be repre- 
sented by the equation ; 

(ha + my) (122 + my) = 0, 
which on being multiplied out gives an equation of the 
form 
ax? + Zhay + by? =0  ...ccecsceeeees (4). 

Conversely an equation of the form (4) represents a 

pair of straight lines through C. 


15. To prove that uf the general equation of the second. 
degree 
ax + by? + cz? + 2fyz+ 2gza+2hay=0 ...(1) 


represent two straight lunes, the determinant 

ah g 

hb f 

g9 f ¢ 

will vanish and conversely. | 
Case I. 


Suppose first of al] that a, b,c do not all vanish. To 
fix our ideas suppose that c does not vanish. Write the 
above equation (1) in the form 

c22+2 (fy + gu) 2+ (ax + 2hay + by?) =0...(2). 
Solving for z we get 


—(fy+ gx) + (fy +92 — c (ax? + 2hay + by”) 
Cc 3 


z= 
or as it may be written 


ex fy t gr) EN Gi ac)al+ 2( fg chay+( P= boy? 9) 
- ie ; 
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Now if the equation (1) represent two straight lines, 
the equation (3) must give the two straight lines 
separately in the form 7 

2=p“r+ gy, 
Z=rx + sy. 

Hence the expression under the root in (8) must be a 

perfect square, the condition for which is 
(fg — ch? = (f? — bc) (9? — ca), 
Le. c(abe + 2fgh — af? — bg? — ch?) = 0. 

Now c is not=zero by hypothesis, hence the other 

factor vanishes or in its determinantal form 


ah gi=0. 
hb f 
g9 fe 
Case IIT. 
Suppose next that a, b, c all vanish, giving us 
2fyz + 2gzxe + Zhay =0.......ccsceees (4), 


If neither f, g nor fh vanish, the equation (4) cannot 
represent two straight lines; for solving for one variable 
(say 2) 

Zhay 
Sy + ge’ 
which plainly cannot represent two straight lines if 
neither f, g nor A vanish. 

If one or more of the quantities f, g or A vanish, (4) 
obviously represents a pair of straight lines. Hence in 
this case if we suppose (say) A to vanish in addition to 
a, b, c, the determinant 


2z2=— 


ah g\=|0 0 g|=0., 
h b f 00 f 
gf cl ig f 0 
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Hence 1f the given equation (1) represents two straight 
lunes, the determinant . 


vanishes. 


Nest to prove the converse. Suppose that 
ah g|=0, 
h bf 
9 fe 
to prove that the equation 
ax? + by? + cz? + 2fyz + 2gz2x + 2hay =0 

represents two straight lines. | 

As before, suppose that a, b, c do not all vanish, and 
let us take c+ 0. 


Solve for z as before, getting 


ga Sy +92) tV(g?—ac)a*+2(fg—ch) cy +(F 0) ey 
C 


Now abe + 2fgh — af? — bg?— ch?=0; (by hypothesis) 
c (abe + 2fgh — af? — bg? — ch?) =0, 


or as 1t may be written 


(fg — ch) = (f?— be) (9? — ac). 

Hence the expression under the root of (5) 1s a perfect 
square, and z can be found linearly in terms of x and y 
giving two straight lines, corresponding to the two signs 
+ in (5). 

If, however, a, 6, c simultaneously vanish, then the 
vanishing of the given determinant takes the form 


—- — __———— 
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1e. 2fgh=0. Hence f, g, or h=0. Let (say) h=0 in 
addition to a, b,c vanishing. Hence the given equation 
(1) becomes 
2fyz+ 2gzx=0, 1. (fy + gz) z=0, 

which represents a pair of lines. Thus if the determinant 
ah g 
hobf 
g9 fe 
vanishes, the equation (1) will represent a pair of straight 
lines. 


16. The following propositions proved in books on 
Projective Geometry will be required in what follows ;— 


Cross Ratio of four Collinear Points. If P, Q, R, 


S be four collinear points, their cross ratio, usually 


denoted by [PQRS] is defined as HO , the usual 


convention as to the signs of the various segments of 
the given line being adopted. 


The following method of remembering the order of the 
letters in the above definition of cross ratio will be found 
convenient. 


(2) 


Fig. 6. 
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Let P, Q, R, S be the four points in this order as in (1) 
Fig. 6. Imagine them bent round a circle as in (2) Fig. 6. 
Then for the numerator of the cross ratio, write down the 
letters in clockwise order and for the denominator write 
them down in counter-clockwise order, beginning with the 
same letter in both cases. 


Cross Ratio of a Pencil of four Concurrent Lines. 
If four lines OA, OB, OC, OD meet in O and if two 
transversals cut them in the four points P, Q, R, Sand 
P’, Q’, R’, 8’ respectively, then will [PQRS] =[P’Q’'R'S)], 
i.e. all transversals are cut by the same pencil of four 
rays in the same cross ratio”. 


Harmonic Division. 


P R Q 5 
————— SS er 
Fig. 6a. 


In pure geometry the two points P and Q are said 
to harmonically separate R and 8 if 


i.e. if [PRQS] have the particular value — 1. 
Also P and Q are called Harmonic Conjugates with 
respect to R and 8". 


17. To prove that the two lunes 


1,27 + Qhycy + by? =O wrccecccceesees (1) 
will harmonically separate the two lines 
Ay? + Zhaxy + bey? =O wrecccccessaees (2), 


if Aybet Ged, = Wighy ..cscserscceccece (3). 
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Since, as mentioned above, the cross ratio in which 
any transversal cuts a given set of four concurrent lines 
is constant we may take any convenient transversal 


(Fig. 7). 


C 


A P RQ S 8B 
Fig. 7. 

Let the given pair of lines (1) cut AB in P and Q. 

Let the given pair of lines (2) cut AB in R and S. 

Then since it is given that the pair of lines CP and 
CQ harmonically separate CR and CS we have that the 
points P and Q harmonically separate & and S. 

Let the equations to CP, CQ, CR and CS be «= py, 
“= gy, L=ry, “= sy respectively. 

Since the equation to CP is «= py, 


Papel 0): scntscivicacieys (4). 
Hence — a = actual areal y-coordinate of P 
1 
ee (5). 
pti 
Hence 
A = = = me . = Co 
P= aa AQ = ee, AR aek, AS ras (6). 
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Now since P and Q harmonically separate R and S, 


PR Ps 
RQ* SQ” 

; AR-—-AP AS—AP 
1.€. AQ—AR tAQ 248°" paGlemeneanes (7). 


Hence if we substitute from (6) we get 


=0, 


ee ee 
r+1 opti st+l p+l_ 
i sews nee ae (8), 
gq+1l r+1 qt+l1 s8s+1 

Le. 2 (pq + 78) =(PHQ)(TH+S) ccccseveeees (9). 


But since the combined equation to CP and CQ is (1) 
and their separate equations «= py and «= qy, 


(2 — py) (w—qy) =a +2 wy +e. 
ay ay 


h, 
ee) de ee ene 10), 
pt+q a (10) 
b 
Be ectsdausiennes 11 
i aa (11) 
Similarly oe er (12), 
Qe 
as evoeeveneeoveoneaneevreoveenann (13) 


Substituting from (10), (11), (12), (18) in (9), we get 
as the required condition 


And, + Agb, = Zhyhy. 
CoROLLARY I. 


The two lines aa? + 2hey+by’=0 will harmonically 
separate CA and BC if h=0. 
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CorROLLARY II. 


The harmonic conjugate of y—Ax=0 with respect to 
CA and BC is y+Ax=0. 


18. The Complete Quadrangle. If P, Q, R, 8 be 
four given points and if PQ, RS meet in A; PR, 
SQ in B; PS, QR in C;; the figure so obtained is called 
the Complete Quadrangle having A, B, C for vertices, 


Canonical form for the coordinates of any given set of 
four points. 


A 


Fig. 8. 


Let P, Q, R, S be the four given points (Fig. 8) and 
take the triangle ABC (as shewn in the diagram) for 
triangle of reference. 

Let P= (2, y, 2). 

Since Q lies on the line PA, 
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“. Q=(H, Y; 2).) 

Similarly | R=(2’, A panaseocaes danas (1), 
S=(a’, y’, 2) 

where 2%, %, 2 are quantities to be determined. 
Since 

RSA are collinear, .°. Yo% = y'2' .....-e ee (2), 

SQB are collinear, .*. 22 = 2a’ ......... (3), 

QRC are collinear, .°. myo = 2'y’ ......04. (4). 


Multiplying (3) and (4) and using (2) we get 
ari=e*%, meta’, 
But from (1) 
m+n, °° P=(x’, y’, 2’), 
and P and Q are not coincident. Hence 
Q=(- 2’, y’, 2’). 


Hence Pz=(a’, y, 2), 
Q = (— x, y’, 2’), 
hR=(a’,-y, 2), 


S=(a’, y’, —2’). 


19. We shall denote lines by small letters p, gq, 7, s 


etc. and the point of intersection of the lines p and q will 
be denoted by pg. 


The Complete Quadrilateral. If p,q, r,s be four 


given lines, and if a be the line joining pq and rs; b 
the line joining pr and sq; c the line joining ps and 
qr; the figure so obtained is called the Complete 
Quadrilateral and abc is called its Diagonal Triangle. 


Choose the triangle abc (or ABC) as triangle of refer- 
ence (Fig. 9). 
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Let the equation to p be 
lar + mY + NZ=O vevccrerereerenees (1). 


Fig. 9. 


Then since q passes through the intersection of p and 


a its equation will be of the form 
la+my+nz=rx ! 


or as it may be written 


Lat MY + NZ HO verseseeroeeeeeees (2). 

So the equation to r will be 
Lat mY + NZH=O viccecceceseeeeees (3). 

So the equation to s will be 
lac + my + 1'Z =O ..cecereecseeevers (4). 
r,$8,@ are concurrent, .°. MN =MN +e. (5), 
s,q, 6 are concurrent, .°. 0 = nl .....0 (6). 


g, 7, ¢ are concurrent, .’. Um! = Im.... 00006 (7). 
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Multiply (6) and (7) and use (5), .*. ?=2. 
Hence l’= + l, but p is 
la+my + nz =0, 
and since p and q are not coincident we must take /’=—l. 
“6g 18 —la+my+nz=0. 
Sunilarly r is le — my + nz = 0, 
and s 1s le + my —nz=0. 


EXAMPLES. I. 


1. A point O= (ze, yf, z’) is taken. AO, BO, CO 
meet the opposite sides of the triangle of reference in A’, 
B’, C’ respectively. Prove that the equations to B’C’, 
C’A’, A’B’ are respectively 

— = g a — . & —_ Y — : 

ety t 7 Le, yt a 0; y zZ 

2. If in question (1) a line through A meets A’BD’ 
and C’A’ in B”, C” respectively, shew that the intersec- 
tion of the lines BB”, CC” lies on B’C". (Clare etc.) 


3. Pisa variable point on the fixed line CD passing 
through C. AP meets BC in Q and BP meets CA in RB. 
Prove that QR passes through a fixed point on AB. 


4. The points X, Y are taken on the sides BC, CA 
respectively of the triangle ABC, so that BX is one third 
AC and CY is double YA. Shew that 4X passes through 
the middle point of BY. (Sidney Sussex.) 


5. D, EH, F are the middle points of the sides of a 
triangle ABC. Any line through F meets BC in P and 
CAinQ. APand BQ meet in R. Shew that R lies on 
CX where CX 1s parallel to DE. 
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6. A’, B’, C’ are the middle points of the sides of 
the triangle ABC and any line is drawn to meet the sides 
of the triangle A’BC’ in K, L, M. AK, BL, CM meet 
the sides of ABC in K’, L’, M’ respectively. Prove that 
K’'L'M’ is a straight line. (Peterhouse etc.) 


7. O is the point (z’, y’, 2’) and AO, BO, CO meet 
the opposite sides of the triangle of reference in D, EF, F 
respectively. The line UV W whose equation is 

lx + my +nz=0 
meets HF in U, FD in V and DE in W. Prove that AU, 
BV, CW meet the opposite sides of the triangle of 
reference in three collinear points lying on the line 
x y 2 
a’ (my' + nz’) = y' (nz + la’) 33 2 (lx'+ my’) =v 

8. Prove that the actual areal coordinates of the 
centre of gravity of the three masses m,, m,, ms; at the 
respective vertices of the triangle of reference are 


™m, Meg Ms 
cre M, +My, + mM," m+ Mm, + ma) 

9. IL, M, N are three points on the sides of the 
triangle of reference such that AZ, BM, CN are concur- 
rent. Through A, B, C lines are drawn parallel to MN, 
NI, EM respectively. Prove that these lines meet the 
opposite sides of the triangle of reference respectively in 
three collinear points. 


10. Any three points A,, B,, C, are taken respec- 
tively in the sides BC, CA, AB of the triangle ABC: 
B,C, and BC intersect in F, C,A, and CA in G, A,B, and 
ABin H. Also FH and BB, intersect in M and FG and 
CC, intersect in NV. Prove that MG, NH and BC are 
concurrent. (Math. Tripos.) 
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11. Points D, £, F are taken on the sides of a triangle 
ABC so that AD, BE, CF are concurrent, and L, M, N 
are the middle points of HF, FD and DE respectively. 
Prove that AL, BM, CN are concurrent. (Jesus etc.) 


12. Prove that if ABCD be a quadrilateral and if z, 
y, 2, w represent the areas of the triangles PAB, PBC, 
PCD, PDA respectively, when P is a variable point, the 
areas being taken positive when P is inside the quadri- 
lateral, 2z — yu = 0 represents the diagonals of the quad- 
rilateral. 


13. Within a triangle ABC are taken two points 0, 
and O,. AO,, BO,, CO, meet the opposite sides A’, B’, C’, 
and the points of intersection of O,A, B’O’; 0,B, C’A’; 
0,C, A’B’ are respectively D, E, F. Prove that A’D, B’E, 
C’F will meet in a point which remains the same if O,, Oz 
be interchanged in the construction. 


14. Through any point K in the base BC of a 
triangle ABC, KL is drawn cutting off a triangle KLC, 
whose area is half that of ABC. If the line drawn from 
A to the middle point of the base meets KZ in O, and 
RS is drawn through O parallel to AC so as to meet AB, 
BC in £ and S respectively, prove that 


OR CK 


OS = OB . (Pembroke.) 


15. If X, Y, Z be three points lying respectively on 
the sides BC, CA, AB of a triangle ABC, and if 


AZ.BX .CY=AY.BZ.CX, 
then will AX, BY, CZ meet in a point. 


a triangle 
| L, M, N 
spectively. 
Jesus etc.) 


land if 2, 
AB, PBC, 
point, the 
he quadni- 
the quad- 


) points 0, 
A’ BC, 
),B, C'A’; 
A'D, B'E, 
ie if 0,, 02 


» BC of a 
ingle KLC, 
drawn from 
L in O, and 
¢ meet AB, 


(Pembroke.) 


spectively on 
| if 
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16. A straight line meets the sides of the triangle 
ABC in A’, B’, C’ respectively; the straight line joining 
A to the intersection of BB’ and CC’ meets BC in U and 
V, W are similarly determined. Prove that if any point 
O be taken, the straight lines joining U, V, W to the 
intersections of OA, OB, OC with the respective sides of 
the triangle A’B’C’ will pass through a point O’ and that 
OO’ will pass through a point whose poston is indepen- 
dent of O. 


17, Shew that if 
aa? + by? + cz? + 2fyz+ 2gza + 2hxy 


= (la+ my + nz) (Va+ m'y+n'z), 
then 


(mn! — m'n) (gh — af) = (nll — n'l) (hf — bg) 
= (Im’ — l’m) (fg —ch). 


18. A straight line DE cuts the sides (/A, OB of the 
triangle ABC at D and E respectively. If CXY is drawn 
cutting DE, AB in X and Y, prove that 


CX CY EX BY 
CD‘ CA’ ED‘ BA’ 
(Pembroke etc.) 


19. From AB, AC, the sides of a triangle ABC, 
equal parts AF’, AF are cut off. FE meets BC in D and 
the line joining A to the point of intersection of BE and 
CF meets BC in H; prove that 


BD BH BF 
DC HC CE 
(Sidney Sussex.) 
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20. ABC is a triangle; through any point P, DPE 
is drawn parallel to AB cutting CA in D and BC in £; 
similarly #PG is drawn parallel to CA, F lying on BC 
and G on AB; and HPK is drawn parallel to BC, H 
lying on AB and K on AC. DG and EHF are produced 
to intersect in Y. Shew that CPQ is a straight line. 

(Corpus etc.) 


21. Shew that the centroid of the triangle, the 
actual areal coordinates of whose vertices are respectively 
(214;21), (%2Yo2Z0); (3323), is the point (@, + 2+ 23, Yt Yet Ys; 
2 + 2, + 2s). . 


22. On the sides BC, CA, AB of a triangle ABC, 
points D, HE, F are taken such that 


BD: DC=CE: EA=AF: FB. 


Prove that the centroid of the triangle formed by 
AD, BE, CF coincides with that of the triangle ABC. 
(St Catharine’s.) 


23. ABC is a triangle; AD, BE, CF meet in one 
point and intersect the opposite sides at D, EF, F. EF 
meets AD in K. Prove that the ratio of the triangles 
BFD, CED is the same as the ratio of the rectangles 
contained by BD, FK and CD, EK. . (King’s etc.) 


24. The sides BC, CA, AB of a triangle ABC are 
divided internally by points A’, B’, C’ so that 
BA’: A'C=CB’: BA= AC’: CB. 
Also B’C’ produced cuts BC externally in A”. Prove that 


BA” is to CA” in the duplicate ratio of CA’ to A’B. 
(Trinity.) 


ed by 
aC. 


rine’s.) 


in one 
’. EF 
angles 
tangles 
’s etc.) 


BC are 


ve that 
3, 
rinity.) 
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25. PQRS is a quadrangle. U is any point on QR 
and V any point on PS. On PQ, PR, QS, RS are taken 
points K, L, M, N respectively so that ULK, UMN are 
straight lines. If KVM is a straight line, shew that 
LVN is also a straight line. (Math. Tripos.) 


26. The three diagonals of a complete quadrilateral 
divide one another internally in the ratios /, m,n. Prove 
that the ratios are connected by an equation of the form 


nl —mn—lm+1=0, 


where in each ratio the part of the diagonal is taken as 
antecedent, which is further from the point of external 
division of the said diagonal. 


27. PQRS is a complete quadrangle where PQ and 
RS meet in A and PS and QR meetin C. AXY is any 
line through A and X and Y are any two points on it. 
PX and QY meet in U while SX and RY meet in V. 
Shew that UV passes through C. 


28. The lines joining the vertices A, B, C of an 
equilateral triangle to a point P meet the sides opposite 
A, B, Cin A’, B’, C’ respectively; prove that if 


BA'+CB + AO’ =A'C+BA+C'B, 


then P lies on one of the medians of the triangle. 
(King’s.) 


29. ABCD is a quadrilateral whose sides BA and 
CD meet in H, and a line EHK is drawn cutting AD in 
Hand BC in K. If A,, Az, As, B,, B., Bs be the middle 
points of BD, BH, DK, AC, AK, HC respectively, prove 
that A,A, and B,B; meet on the line joining the middle 
points of AB and CD. (St Catharine’s.) 
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30. Prove that if ABC, DEF be two coplanar 
triangles, and if S be a point such that SD, SE, SF cut 
the sides BC, CA, AB respectively in three collinear 
points, then SA, SB, SC cut the sides HF, FD, DE 


respectively in three collinear points. (Trinity.) 


31. PQRS is a quadrangle, PQ and RS meeting in 
A and PS and QR meeting in C. Through A and C are 
drawn any two lines meeting in O. KX is any point on 
CO. KP meets AO in L, LS meets CO in M, MR meets 
AO in N. Prove that KQN are collinear. 


32. ABC is a triangle and A’B’C’ is another in- 
scribed in ABC, so that A’ lies on BC, B’ on CA, C’ on 
AB. Prove that an infinite number of triangles PQR 
can be inscribed in A’B’C’ and circumscribed to ABC so 
that P lies on B’C’, Q on C’A’, R on A’B’ and so that 
QR passes through A, RP through B and PQ through C. 


33. PQS is a complete quadrangle. X is any 
point on PR and Y any point on QS. QX and PY meet 
in U while SX and RY meet in V. Prove that UV 
passes through the intersection of PS and QR. 


34. If ABC isa triangle and P a point in BC such 
that BP is twice PC and if Q is the middle point of AP, 
and BQ produced cuts AC in Rf, then BQ 1s five times 
OR. | (Corpus etc.) 


35. Through a fixed point D inside a given triangle 
ABC a straight line PDQ is drawn cutting AB, AC in P, 
Q respectively; # being the middle point of AD, PE is 
joined and produced to meet AC in #; and RM is drawn 
parallel to AD cutting PQ in M; prove that the locus of 
M is a straight line. 


CHAPTER II 
THE CONIC 


1. We shall take the general homogeneous equation 
of the second degree in «, y, 2 in the form 
ax? + by? + c2*+ 2fyz + 2gzx + 2hay=0 ...(1). 
Since every straight line lx+ my+nz=0 will meet 
the above locus in two points (as may be seen by elimina- 
ting z and getting a quadratic in x: y), (1) will represent 
@ conic. 


2. To find the eyuation to the tangent at (a, y,, 2,) to 
this conic 
ax? + by? +.c2?+ 2fyz+ 2gzx+2hay=0 ...(1). 
Let P=(a,, ¥:, 2%) be a point on the conic and let 
Q= (a, + 8a, y, + dy,, 2% + 62,) be a point lying very near to 
P, where 62, etc. have the meanings usually assigned to 
them in the Differential Calculus. We wish to find the 
equation to the line passing through the points P and Q. 
Since P = (a, y, 4) lies on the conic (1), 
1. Ate + bye + C22 + 2fy,Z, + 292,42, + 2hay, = 0...(2). 
Since Q= (a2, +6”, y, + 6y,, 2,+ 62,) lies on the conic 
(1), 
Q (a+ bx, + b (y+ dy, + 6 (2 + 62)? + 2f (y+ dy,) (2, + 82,) 
+29 (2, + 62,) (a+ 8a) + 2h (a, + 52x,)(y, + dy,)=0. 
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Expanding this, using (2) and neglecting infinitesimals 
of the second order, e.g. (d2,)?; 54,62; etc., we get 
(ax, + hy, + 92) 8a, + (ha, + by, +f2,) dy, 
+ (gx, +fy, + cz,) 62, =0...(3). 
Now we may write (2) in the form 
(am, + hy, + g2,) 4 + (ha, + by, + far) y; 
+ (ga, + fy, + 02,) 2, = 0...(4). 
Hence adding (3) and (4) we get 
(ax, + hy, + 92) (x, +82,) + (ha, + by, + fz.) (y, + 8%) 
+ (ga, + fy, + 62) (2, + 82,) = 0...(5). 
Now consider the line 
(ax, + hy, + g2,) e+ (ha, + by, + fz.) y 
+ (gx, + fyi + cz) z= 0...(6). 
By equation (4) the line (6) passes through the point 
P=(X; Yi, 41). 
By equation (5) the line (6) passes through the point 
Q= (a, + 6a, y, + By, 2, + 82,). 
Now the line that passes through the two adjacent 


points P and Qis the tangent at P. Hence (6) represents: 


the tangent at P. 
3. Joachimsthal’s Ratio Equation. 


Fig. 10. 


SR TY” ho Tn CE ST , Ta ONG, fA RE ITED, 
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Let Pi =(%, 4, 2%) and P,=(a, Y2, 2.) be two given 
points denoted by “actual areal coordinates”; let them be 
joined (Fig. 10) and let P,P, cut the conic in Q, and Q,; 
to find the ratios in which the points of section by the conic 


divide the given line P,P,, i.e. to find ai and an 
. Ww P, 
P, Q 
Fig. 11. 


Let the point Q divide the line P,P, (Fig. 11) so that 
PQ, 
QP, A," 
Then by Chap. 1, Art. 6, 
V= (A,2, + Ape, MYi + AcYo, A121 + ApZ.). 
Substituting in the equation of the conic we get a 
quadratic giving the ratios in which the conic divides the 
line P,P,. 
Thus 
A(AyL, + Apo)? +b (Arya + AsYo)? + € (A,2, + N2z2)" 
+ 2f (AY ae AcYo) (AZ, + No2a) + 29 (2; + A222) (A;a, + Noe) 
+ 2h (Aa, + AzXa) uy + AY) =0...(1). 
Hence collecting the coefficients Of Ax’, Airs, Ac? we get 
(ax,? + by,’ + c2,? + 2f% Yi2, + 2g2,2, + 2hityy1) A? 
+2 {aay + bY:Ys + C222 + f (Yi20+ Y2%) +g (2,L2 + 22) 
+h (ay.t+ Io41)} AiAg 
+ (aa, + bye? + 623? + 2f Yat. + 292%, + Zhayys) rq” = 0...(2); 
(2) is called Joachimsthal’s Ratio Equation. 
M. 3 
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Case I. 


To find the equation to the tangent at any point 
P, = (4%, We 2;). 


P, 


. Fig. 12, 


Let P,*be taken very near the curve but not on it 
(Fig. 12), and let P,P, cut the curve at two points Q, and 
Q, so that P,, Q,, Q, are all very close een and ulti- 
mately become coincident. 


Then the ratios ae and ae ultimately vanish. 


Hence the two values of = in equation (2) both vanish, 
giving | 
ax? + by? + cz, + 2fy,2, + 292,47, + 2hay, =0...(3) 
and 
ALL, + YY. + 02,2. +f (Yi22 + Yo2:) +9 (2:2 + 2y2,) 
+h (ayy_+ 224) =0...(4). 


The equation (3) gives the condition that (2, y , 2) 
lies on the curve and (4) gives the condition that (a, ys, 22) 
lies on the tangent at (x,, y, 2,). Changing (a, y2, 22) 
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to current coordinates we see that the equation to the 
tangent at (a, 4, 2) 18 
axx, + byy, + 022,+ f (yz, +2y;) 
+ 9 (2, + 22;) + h (xy, + yx;) =0...(5), 
or as it may be written 


OF oF oF 
"an, * Yay, t dz, 0, 
OF oF oF 
or aq tH By t 15, 9; 
where F(a, y, z) = 0 is the equation to the conic. 
Case II. : 


The Polar Line of a Point with respect to a Conic. 
If P, be a fixed point and P, a variable point such 
that P, and P, are harmonically conjugate with respect 
to the two points in which the line P,P, cuts the 
conic, then the locus traced out by P, is a straight 
line called the Polar Line of P,”. 

Conjugate Points with respect to a Conic. Two 
points are said to be conjugate with respect to a conic 
when the straight line joining them is harmonically 
divided by the conic”. 

To find the equation to the Polar Line of P,. 


Q, 


Fig. 13. 
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The condition that the two points P, and P, be har- 
monically conjugate with respect to Q, and Q, (Fig. 18) is 
PQ, FP, Q» 
= 0. 
QP." QP, 


(Chap. 1, Art. 16.) 
Hence the two values for Ms in (2) must be equal and 
1 


opposite in sign; whence the coefficient of A,A, in (2) 
must vanish. 


The condition that P, and P, be Conjugate Points with 
respect to the given conic is, therefore, 
AX H+ by,Y2 + C22. +f (y22 + Yor) 
+ 9 (2X2 + 290;) + h (ayo + Ly) = 9. 


Changing (2, y2, 2.) to (x, y, 2) we get that the Polar 
Line of P, 1s 
axa, + byy, + 022, +f (yz, + 2y1) 
+ 9 (2x, + 02) +h (ay, + yr) = 9, 


1.€. x~-+y~—+2—=0. 
1 


CaseE III. 


To find the combined equation to the pair of tangents 
drawn from P, to the conic. 


Fig. 14. 
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Let P,P, cut the conic in two coincident points Q,, Q. 
(Fig. 14). 


In this case the two values for : in the equation (2) 
become coincident, the condition for which is 
{8% + bYLYs + 62,22 +f (ree + Yors) +g (2182 + Ze) 
+h (ayyot xy,)}P?=(aa?r+ by?+c2z2+2fy,2, + 2gz,0, + 2hay,) 
X (aa? + by? + 022? + 2fYo%. + 2G ZX, + Zhreye). 


Changing (a, Yo, 2) into (#, y, z) we get, as the 
equation required to the Pair of Tangents, 


faxx, + byy, + 022, +f (yz: + 2y:) +g (24, + £%) 
+h (xy; + ya,)}? = (aay? + by? + cz? + 2fy,2, + 292,02, + 2ha,y,) 
x (ax? + by? + cz? + 2fyz + 2gzx + 2hay), 


Having now established the equations to the tangent, 
Polar Line, and Pair of Tangents from a point, it will be 
plain from what has been said in Chap. 1, Art. 6, that we 
may now dispense with the condition that (a, y, 4) and 
(2, Ye, 22.) be “actual areal coordinates.” Thus in the 
above equation to the Pair of Tangents we may replace 
Li, Yr, 2, by wax,, wyi, w2, respectively and a, y, z by va, vy, 
vz respectively. y? and v? can be cancelled throughout 
the resulting equation which will therefore be unaltered 
in form if we replace the “actual areal coordinates” by 
areal coordinates, 

Similar formulae can be proved with regard to Tri- 
linear Coordinates. Thus the Polar Line of P, = (4, 81, 91) 
will be 


(aa,+hp, + 9y,)a +(ha,+ bB, +f) B+ (9% +/B; +cy,) y=9. 


We have only to replace 2, y, z in the above formulae 
by a, 8B, y respectively, 
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4. To find the equation to a conic circumscribing the 
triangle of reference. 
Let the conic be 
ax? + by? + c2? + 2fyz + 2gzx + Zhay =0. 
Since A = (1, 0, 0) lies on this conic, .*. a=0. 
So b=c=0. 
Hence the form required is 


2fyz + 2gza + hey = 0. 


5. To find the equation to a conic touching two sides 
of the triangle of reference, where they are met by the third 
side. 


Let the conic touch C'A and OB at A and B respec- 

tively and have as equation 
ax? + by? +02? + 2fyz +2gzx+ 2haey=0 ...(1). 

Putting «=0 in (1) to find where this conic cuts BC 
we ought to get (since the conic meets BC in two 
coincident points at B) two values for z vanishing, Le. 
2*=0. | 

We actually get on putting « = 0 in (1) 

by? + cz? + 2fyz = 0, 
b=f=0. 
Similarly a=g=0. 
Hence the conic becomes 
c2? + 2hay = 0. 


6. Self-conjugate Triangle with respect to a given 
Conic. A triangle is said to be self-conjugate with 


respect to a given conic when the polar line of any 
vertex is the side opposite”. 


— ee 
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To find the equation to a conic, with respect to which 
the triangle of reference 1s self-conjugate. 
The polar line of A =(1, 0, 0) is 
ax+hy+gz=0, 
and this will be BC, 1e. « = 0, ifh=g=0. 
Similarly f= 0. 
Hence the conic is of the form 
ax? + by? + cz? = 0. 


Common Self-conjugate Triangle with respect to 
two given Conics. If two conics meet in four distinct 
points (real or imaginary) P, Q, R, S and if A, B, C be 
the Vertices of the Complete Quadrangle formed from. 
the four points P, Q, R, S, then ABC is a self-conjugate 
triangle with respect to each of the two given conics 
and also with respect to any conic passing through 
their four points of intersection ". 


Canonical form of the equation to two given conics. 


Let the two conics meet in the four points (real or 
imaginary) P, Q, R, S and let the three vertices of the 
Complete Quadrangle formed from them (Chap. 1, Art. 18) 
be A, B, C. Choose the triangle ABC as triangle of 
reference. Then since ABC is self-conjugate with respect 
to each of the two given conics, their equations will take 
the form 

a,2? + by? + c,2? = 0, 
aye? + bay? + 92 = 0. 

7. To find the equation to a conte which touches the 

three sides of the triangle of reference. 


Take the equation in the form 
aa? + by? + c82? + Bfyz + 2gza+ Zhay =0 ...(1). 
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To find where this conic cuts AB, put z=0 in (1) 
getting 
aa + by? + Zhay=O0 ....ceeecceeeee (2). 
Now (2) will represent a pair of coincident lines 


through C 


if h? = a?b?, 
Le. if h=+ab. 
So f= t be, 
g=t+ca. 


Hence the genéral equation to a conic touching the 
three sides of the triangle of reference will be 


ara? + by? + cz? + 2bcyz + 2cazx + 2abay = 0, ¥ 
with the reservation that we must not take an odd number 


of the ambiguous signs positive or else our conic becomes 
merely a pair of coincident lines, 


eg. ata? + by? + c22? + 2bcyz + 2cazx + 2abry = 0 


18 (ax + by+czP=0, 
and = a®a* + b*y? + c?2? — 2bcyz — 2caza + 2abay = 0 
18 (ax + by —cz)?=0. 


The equation to an inscribed conic is often very 
conveniently written in the form 


Van + Vby + Vee =0. 


8. EXAMPLE 1. 


The tangents at A, B, C to a ctrcumconic meet the 
opposite sides respectively in three collinear points. 


Let the conic be 
Syz t+ geathay=O0  w.ccececceeeee (1). 
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The tangent at A is 


hy +gz=0, 

i ee 
1.e. a 0 teeeseensneneessens (2), 
which obviously passes through the intersection of 

2 Y¥ 2 

sabe Sb Oe can sieud ana scnceeess 3), 

froth : 
and c=. 


Hence symmetry shews at once that the tangents at 
A, B, C will cut the opposite sides respectively in points 
lying on the line (3). 

EXAMPLE 2, 

The lines joining the vertices of a triangle to the points 
of contact of an inscribed conic on the opposite sides 
respectively are concurrent. 

Take the given triangle as triangle of reference and 
let the conic be 

aa? + b*y? + c?2? — 2beyz — 2caze — 2abxy = 0. 
Putting z=0 we get, as the equation of the line 
joining A to the point of contact with BC, 
| by —cz=0, 
Hence the lines all obviously meet in the point 
11 1 
(a> 5) 

EXAMPLE 3. 

A conic touches the fixed lines CA and CB at A and B 
respectively. P is a variable point on this conic and the 
tangent thereat meets BC and CA in Q and R respectively. 


Prove that the intersection of AQ and BR traces out a 
conic touching CA and BC at A and B respectively. 
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Let the conic be 


CE Dhey HO sakvedinnssedacscs (1), 
and let P=(a, y;, 2,) lie on this conic; ° 
- 02,2 + Dhayy, =O ecccrcccreeeeeees (2). 
The tangent at P will be 
— Ah (ey t+ yy) +622, =O oo. cece eee ee eee (3). 
Putting «=0 in (3) we get, as the equation to AQ, 
hay 402, = 0 ceccccaccecececese (4). 


Similarly the equation to BR is 
Nye C22 SO nasesverwavtanieis (5). 
Eliminating 2,, 7%, 2, between (2), (4) and (5) we get 
as the locus required 
2cz?+hxey=0, 
which is a conic touching CA and BC at A and B 
respectively. 


9. To find the pole of a given line with respect to a 
given conic. 
Let the line be 
Lat my +NZ=O woccecccceeceeeees (1). 
Let its pole be (2, y’, 2’). 
Then the polar of this point with respect to the general — 
conic will be 
(ax’ +hy’ +92’) a+ (ha! + by’ + f2’)y 
+ (gx’ +fy’ + cz’) z=0...(2). 
Identifying (1) and (2) we get 
ax +hy +gz ha’ +by'+ fe’ _ ga’ +fy'+c2’ 
l nr nr an 


P 


which is a set of linear equations in 2’, y’, 2’ that we can 
solve. 
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10. The Centre of a Conic. The centre of a given 
conic is the pole of the Line at Infinity”. 


To find the centre of a given conic. 


Apply the method of last article to find the pole of the 


Line at Infinity 
e+ty+z=0, 


11. Four-Point System of Conics. 
Consider the equation 


5 te os — 0 vetk vestenvesseonas (1), 


where S, and S, each represent the equation to a conic. 

First of all we note that the equation (1), being of the 
second degree in 2, y, z, must represent a conic. Also 
the coordinates of any point common to S, and S, when 
substituted in the expressions S, and S, render each of 
them equal to zero. Hence the coordinates of any point 
common to S, and S, must cause the expression S, +AS, 
to vanish. Thus all the points common to the conics S, 
and S, must lie on the conic S,+ AS,. Consequently the 
equation 

S,+AS,=0 | 

will be the general equation to all conics passing through 
the four common points of S, and S,. 

We can determine A so as to make the conic (1) 
satisfy one other condition besides passing through the 
intersections of S, and S,. 


Thus S, +AS,= 0 1s the general equation to members of 
a group of “ Four-Point Contes,’ where S, and S, are any 
two members of the system. 


If we take the common self-conjugate triangle of the 
two conics S, and S, as triangle of reference, members of 
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a four-point system of conics can always be expressed in 
the form (Chap. 11, Art. 6) 
(a,? + yy? + C2") +A (au? + bey? + C2) = 0. 
CoROLLARY. 
If S=0 be the equation of a conc, L=0 and M=0 
the equations of two straight lines, S + 7ADM =0 will repre- 
sent a conic passing through the intersections of S and L 


and of S and M. 


12. Contact of Contes. 
Case I. 


Contact of the first order. If of the four points of 
intersection of two conics, two become coincident, the 
conics are said to ‘‘touch”’ or to have “ contact of the 
first order’ at the point of coincidence”. 


To find the general equation to a conic S’ having contact 
of the first order with (1.e. touching) a given conic S ata 
point P. 

Let S be the equation to a conic and let another conic 
S’ cut S in the points P, Q, R, S, where P and Q become 
coincident. 

Then by the preceding article the equation to S’ must 
be of the form | | 

S+rPQ.RS=0 ..cecccccseeseeeee (1), 
where PQ denotes the equation to the line PQ. 

Now PQ will in the limit be the tangent at 


P= (x, Yi, Z)3 


—~ aS oS oS _ 
EO Oe A ay on oe en (2). 


Let RS have for its equation 
Lar + my + NZ =O occ ccccenceensees (3). 
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Hence the equation (1) becomes 
oS os 


S+r(es tus, +2 so) (le + my-+ nz) = 0...(4). 


CasE II. 


Double Contact of two Conics. If of the four 


points of intersection P, Q, R, S of two conics P, Q 
and R, S become separately coincident, the conics are 
said to have “double contact”), 


Lo find the general equation to a conic S’ touching a 
given conic S at two given points. 


Fig. 15. 


Let P,Q and R, S be the two coincident points (Fig. 15). 
Then it is plain from Case I that the conic S can be 
exhibited in the form ae 
SE NEY. BS a O vc vesieadecisesnnves (1), 
Le. if P=(a, y,, 2) and R= (a, Yo, 2), 
/ 0S. dS  dS\/ eS, oS. as 
S+2(as ‘+95, + 25) (2 oat V5y, :3,)" =0 (2). 
The equation to S’ may also be taken in the form 


S+rPS.QRH=0 weecccceeeeeeeeee (3). 
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Let the equation to the two coincident lines PS or 


QR be 
la + my +nz=0. 


Then S’ will have for its equation 
S+A (le + my + nzP=O weeccccceees (4). 
CasE III. 
Contact of the second order. If P, Q, R become 
coincident, the conics S and S’ are said to have 
‘“‘ contact of the second order” at the point P'’. 


To find the general equation to a conic S’ having contact 
of the second order with the conic S at the point P (Fig. 16). 


R Q 


Fig. 16. 


S’ will now be of the form 


S+2rxPQ. RS =0......... eee, (1). 


Let P=Q=E R= (HX, H, %). 
Let the equation to RS be 


Le + MY + NZ =O...erececeesceeees (2). 
Since £ lies on (2), 
Lay + MY, + NZ, =O ..ccscceceeeees (3). 


We then get, as the equation to S’, 
oS as 
S4r(29 on oy, +2 2°) (la-+my +n2) = 0...(4) 
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CasE IV. 


_ Contact of the third order, i.e. Osculating Conics. 

If the four points of intersection become coincident, 
the conics S and S’ are said to have “contact of the 
third order ” or to “osculate” 


To find the general equation to a conic S’ having contact 
of the third order, 1.e. osculating a given conic S at a given 
pornt. 


Fig. 17. 


In this case the four points P,Q, R, S all become 
coincident and in the limit PQ and RS become tangents 
(Fig. 17). Hence S’ will have an equation of the form 


‘ os os OS \? 
13. EXAMPLE lI. 


To every point in a plane there corresponds another 
point such that these two points are conjugate points with 
respect to every conic of a given Four-Point System. 

Using Chap. u, Art. 11, let the given Four-Point 
System of Conics be taken in the form 


aa? + by? + c,2? + A (agr" + boyy? + c.27) = 0...(1). 
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Then the two points (a, y,, 2,) and (2, Y2, 2.) will be 
conjugate points with respect to the conic (1) if 
Ay LL + DYiYo + C2422 + A (eX Le + beYiYo + C2222) = 0...(2). 
Now the condition (2) will be satisfied for all values of 
r if 
AL, Ly + DYiYo + C242, =O .rcseeeeeeee (3), 
MeL Le + deyyYo + C212. =O ceeeeeeeeeee (4). 
Solving for 2, y., 2, between (3) and (4) we get the 
coordinates of the point which is conjugate to (a, y;, 2;) 
with respect to all conics of the given Four-Point System 


(1). 
EXAMPLE 2. 


To find the conic which has contact of the second order 
with 
Pye + 92H + hay =O ccccccecceeseees (1) 


at C and touches AB at tts middle point. 
The equation to the tangent at C to the conic (1) is 


OL fy =O! castatciecreneevawns (2), 
and the general equation to any line through C is 
lt my =O sissveccderscvewasees (3) 


Hence by Chap. u, Art. 12, Case III, the general 
equation to a conic having contact of the second order 
with (1) at C will be 

r(fyz + gze +hay) + (gx + fy) (le + my) =0...(4). 

Now putting z= 0 we get that the combined equation 
to the two lines joining C to the two points in which the 
conic cuts AB is 

gla? + (fl+gm+rh) acy +fmy?=0 ...... (5). 

Now since the conic (1) is to touch AB at its middle 


er PO oo oe wae 5 
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point, the combined equation to the pair of coincident 
lines joining C to the middle point of AB will be 


(By =O c.cspssiseeieniioiees (6). 
Identifying (5) and (6) we get 
g _fl+gmt+rh _ fm 
—2 1 
Eliminating 1, m, \ between (4) and 7) we get as the 
equation to the required conic 


(f+ 9) (fy2z + gee + hey) —h (gu + fy) (fe+ gy) = 9. 


14. Ellipse. A conic is called an Ellipse when 


it intersects the Line at Infinity in two Imaginary 
Points "®, 


Hyperbola. A conic is called a Hyperbola when it 
intersects the Line at Infinity in two Real Points”. 


Parabola. A conic is called a Parabola when it 
touches the Line at Infinity *. 


To find whether a conic, whose equation is given in 
areal coordinates, be an ellipse, a hyperbola or a parabola. 


Let the given conic cut the Line at Infinity in the 
points H and K. 
Find the combined equation to the lines CH and CK 


in the form 
un? + Qvcy + wy? =0  ..rcecceeseeees (1) 


by eliminating z between the equations to the given conic 
and the Line at Infinity. 

Then the given conic will be an Ellipse if the lines 
CH and CK be imaginary, ie. if the factors of (1) be 
imaginary, the condition for which is v? < uw, 

M. 4 
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Then the two points (a, y,, 2) and (a, Y2, 2.) will be 
conjugate points with respect to the conic (1) if 
A122 + DYiYo + C2120 +A (AqX1L. + bey Yo + C2,22) = 0...(2). 
Now the condition (2) will be satisfied for all values of 
r if 
A,X, Ly + OY\Yo + C242. =O vrcssreeeeee (3), 
gL + Oo Yo + C22. =O crcrsccaceee (4). 
Solving for 2, y2, 2, between (3) and (4) we get the 
coordinates of the point which is conjugate to (a, y,, 2) 
with respect to all conics of the given Four-Point System 


(1). 
EXAMPLE 2. 
To find the conic which has contact of the second order 
with 
Sye + 2 + hag =O wc cceceeecesenee (1) 
at C and touches AB at its middle point. 


The equation to the tangent at C to the conic (1) is 


GE 7SY =O. cstieeaununGeen (2), 
and the general equation to any line through C 1s 
Le NY =O hassass vis sied dovevsies (3). 


Hence by Chap. u1, Art. 12, Case III, the general 
equation to a conic having contact of the second order 
with (1) at C will be 

r( fy2z + gze + hay) + (gx + fy) (le + my) =0...(4). 

Now putting z=0 we get that the combined equation 
to the two lines joining C to the two points in which the 
conic cuts AB is 

gle + (fl+gm+t+rh) cy +fmy?=0 ...... (5). 

Now since the conic (1) is to touch AB at its middle 


bs aah of enn ER gn oe =e Sm i na i ae = + Pe ERNST EE FEE AES PIP ng mavens gata ae Pa a a a Ta 


poe 
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point, the combined equation to the pair of coincident 
lines joining C to the middle point of AB will be 


(B= 9 HO cs iecsssecnvoserane (6). 
Identifying (5) and (6) we get 
Ce creates (7). 


Eliminating J, m, X between (4) and 7) we get as the 
equation to the required conic 


(f+) (yz + geu + hay) —h (gat fy) (fe + gy) =. 


14. Ellipse. A conic is called an Ellipse when 


it intersects the Line at Infinity in two Imaginary 
Points "*, 


Hyperbola. <A conic is called a Hyperbola when it 
intersects the Line at Infinity in two Real Points". 


Parabola. A conic is called a Parabola when it 
touches the Line at Infinity ". 


To find whether a conic, whose equation is given in 
areal coordinates, be an ellipse, a hyperbola or a parabola. 


Let the given conic cut the Line at Infinity in the 
points H and K. 
Find the combined equation to the lines CH and CK 


in the form 
un? + Qvey + wy? =O ...cccccceeeeee (1) 


by eliminating z between the equations to the given conic 
and the Line at Infinity. 

Then the given conic will be an Ellipse if the lines 
CH and CK be imaginary, ie. if the factors of (1) be 
imaginary, the condition for which 1s v? < ww. 

M. 4 
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We thus have the following scheme ; 

The condition for an Ellipse is =v? < uw. 
‘The condition for a Hyperbola is v? > uw, 
‘The condition for a Parabola is v? = ww. 


15. To find the point where a given parabola touches 
the Inne at Infinity. 
In this case CH and CK of last article coincide and 
un + 2uey + wy? = 0 
will have two coincident factors | 
Vue +N wy =O cerccescceecceeees (1). 


We have therefore only to find the coordinates of the 
point in which the line (1) cuts the Line at Infinity. 


16. Asymptotes. The asymptotes of a given 
conic are the tangents at the points in which it cuts 
the Line at Infinity”. 

To find the asymptotes of a given conic. 


Find the points in which the Line at Infinity cuts the 
given conic and then find the equation to the tangents at 
these points. 


17. To find the combined equation to the asymptotes of 
a gwen cone. 

Find the coordinates of the centre by Chap. 11, Art. 10, 
and then write down the combined equation to the 


tangents drawn from the centre to the conic by Chap. 11, 
Art. 3, Case ITI. 


18. EXAMPLE 1. 
To find the condition that the conic 


Syz + gea t+hay=0 wee eee. (1) 
be a parabola. 
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Let the conic (1) cut the Line at Infinity in the points 
H and K. | 

Hence, eliminating z between (1) and the equation to 
the Line at Infinity 


we get, as the combined equation to CH and CK, 
(Sy + 9x) (x+y) — hay =0, 
i.e. gv+(ft+g—h)ayt fy? =0, 
which will represent two coincident lines if 
(f+g9—hyP=4yfg, 
le. if fit+g? +h? — 2gh— 2hf— 2fg = 0, 
which is therefore the condition that the conic (1) bea 
parabola. 


EXAMPLE 2, 


To find the combined equation to the asymptotes of the 
conic | 
Ax? + by? +027 =0 ...ccecscceseeees (1). 


Let (a, ¥:, 2,) be the centre of (1). 
The polar line of (a, y,, 2) will be 
axe + by,y + cz,2z=0, 
and this will be the Line at Infinity if 
ax, = by, = cz. 
Thus the centre of the given conic is the point 
a4) 
a’ b’ ec] | 
The combined equation to the tangents from this 
point is, by Chap. 11, Art. 3, Case IIT, 
(-+ - 2 =| (ax? + by? + cz”) =(a@+ y¥+2)%, 


/ 


which is therefore the equation to the asymptotes. 
4—2 
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EXAMPLES. II. 


1. A variable conic touches two fixed lines CA and 
CB at the two fixed points A and B respectively. Prove 
that the locus of its centre is the median of the triangle 


ABC bisecting AB. 


2. A system of four-point conics is drawn passing 
through the three vertices of the triangle of reference and 
the centroid of the triangle. Prove that the locus of the 
centres of the conics is a conic touching the three sides of 
the triangle of reference at their middle points. 


3. <A series of conics is drawn passing through a 
given point and having a given triangle as a common 
self-conjugate triangle. Prove that the locus of their 
centres is a conic circumscribing the given triangle. 


4. ABC is a triangle inscribed in a conic. The 
tangents at B and C meet in A’, those at C and A meet 
in B’ and those at A and B meet in C’. Prove that AA’, 
BB’, CC’ are concurrent. 


5. A conic touches the sides of the triangle of 
reference in D, E, F respectively. Prove that EF’ meets 
BC, FD meets CA and DE meets AB in three collinear 
points. | 


6. CA and CB are two fixed lines, A and B being 
also fixed points. O is a fixed point and any line through 
O meets CA in Pand CBinQ. AQand BP meet in R. 
Prove that as the line through O varies, R will trace out 
a conic passing through 4, B, C. 


7. Prove that in question (6), AB is the polar of O 
with respect to the conic there obtained. 
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8. Shew that all conics passing through the system 

of four points 
( a, y’, 2’); (- at, y’, 2’); ( ar’, - yf’, 7); (a, yf’, 3 z') 

are self-conjugate with respect to the triangle of reference. 

9. If ABC be a triangle and S any conic, prove that 
the polars of A, B, C with respect to S meet the opposite 
sides of the triangle, respectively, in three collinear 
points. | 


10. If ABC be a triangle and S a given conic, and if 
A’, B’, C’ be the poles of BC, CA, AB with respect to S, 
shew that AA’, BB’, CC’ are concurrent. 


11. Two conics have a common tangent at C’ and one 
touches AB at A and the other touches AB at B. If 
they meet again in P and Q, prove that CP and CQ 
harmonically separate C'‘A and CB. 


12. Two conics have double contact with one another, 
the points of contact being A and B. Prove that the 
polars of any point with respect to the two conics inter- 
sect on AB. 


13. CA and CB are two fixed tangents to a conic 
touching it at A and B respectively. O is a variable 
point on a fixed line. The polar of O with respect to the 
given conic cuts CA in Q@ and CB in P. AP and BQ 
intersect in R. Prove that the locus of R is a conic 
circumscribing the triangle ABC. 


14. A conic is inscribed to a triangle ABC. The 
polars of A, B, C with respect to the conic cut a fixed line 
Lin L, M, N respectively. AJL’ is the harmonic conju- 
gate of AZ with respect to AB and AC, and BM’, CN’ 
are similarly found. Shew that AL’, BM’, CN’ are 


concurrent. 
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15. A conic circumscribes a triangle. By a known 
theorem the tangents at A, B, C meet the opposite sides 
respectively in three collinear points. If A’, B’, C’ be 
the poles of BC, CA, AB respectively, then A.A’, BB’, CC’ 
are known to be concurrent. Prove that the aforesaid 
line of collinearity is the polar line with respect to the 
triangle of the aforesaid point of concurrency. 


16. ABC is a triangle inscribed in a conic. O isa 
given point. AO meets the conic again in A,, BO in B, 
and CO in C,. Prove that B,C,, C,A,, A,B, meet the 
sides BC, CA, AB respectively in three collinear points 
and that the line of collinearity is the polar of 0. 


17. Two points (24:2), (%2Y222) will be conjugate 
with respect to any conic through the four points 


(2’,y', 2); (-2',y,2); (2,-9.7); (ey, -2) 


if J = a la 


18. The conic 
c2? + 2fyz + 2gza+2haey = 0 
passes through the vertices A and B of the triangle of 
reference and cuts CA, CB again in A,, B, respectively. 
Shew that the equation to A,B, is 
29a + 2fy + cz = 0, 
and that the poles of AB, A,B, and the point C all lie on 


the line ne 
ig 


19. Prove that the conics 
ax? + bu? + cz?=0, 
aa + b'y?+c'2=0 
intersect in the four points given by 
(Vbe’ — b’c, + Vca’—a'c, + Vab’—a’b). 
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20... Prove that the conic 
ax? + by? + cz?=0 
will be a parabola if 
be + ca + ab = 0. 


21. Shew that 
cz? + 2hay =0 
will be a parabola if 2c +h=0. 
22. Prove that 
ata? + by? + 2? — 2beyz — 2caza — 2abay =0 


will be a parabola if 
a+6b+c=0, 


and that its axis will be parallel to the line 
a(b—c)+y(c—a)+z2(a— b)=0. 


23. A series of parabolas touch the sides of the 
triangle of reference in the variable points D, EH, F 
respectively. Prove that the locus of the points of 
concurrency of AD, BE, CF is a conic passing through 
A, B, C and having the centroid of the triangle of 
reference for centre. 

24. Prove that the line 

lx +my +nz=0 
will touch the conic 
ax’ + by? + cz*7=0 
if Sy ee, 
a b oe 
and that the same line will touch 
cz? + 2hay = 0 
if | hn? + 2clm =0. 
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25. If 
S = ax? + by? + cz? + 2fyz + 2gze + 2hay =0 
denote a conic, and if A’, B’, C’ be the poles of BC, CA, 


AB with respect to this conic, prove that A’ will be given 
by the intersections of the two lines 


oS os 
ay” ae 
aS, aS 
BY ag oe 
; aS. aS 


26. Shew that the locus of the centre of the comic 
(areals) 
lyz+mzx + nay =0 
which passes through (z’, y’, 2’) is a conic whose centre is 
at the point 


Tel -+*) 
= ak ae P: 
(Clare etc.) 


27. A conic touches the sides of a triangle ABC, the 
point of contact of AB being D; prove that the straight 
line joining the centre of the conic to the middle point of 
AB will bisect DC. © (Clare etc.) 

28. If in the conic 

Syz+g2ze+ hay =0 
f, g, h are connected by the equation 
pft+4qg+rh = 0, 


prove that the locus of the centre 1s a conic. (Corpus etc.) 
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29. Shew that 
c (a? + y?) + 2axy V(a—c)(b— c) —22=0 
has double contact with both of the conics 
ax? + by’ —z2?=0, 
bx? + ay? — 2? =0. 
(St John’s.) 
30. Shew that the family of conics whose equation is 
(ptrA)V+(qtA¥Y+(r+A)2=0, 
» being a variable parameter and the coordinates areal, 


contains two real parabolas. (King’s etc.) 


31. Prove that the coordinates of the centre of the 
conic 


Vla+VmB + Viry =0 
vi B Y 


bn+aqm Cltan am-+ bl’ 


are given by 


the coordinates being trilinear. (Downing.) 


32. Find the equation of the chord joining the 
point (24,2) to (#422) on the conic 
Syz + gzx + hay =0 
in the form 
TEU aE 76, 
MX YiY2 2% 
(Queens’.) 
33. Shew that it is possible for a conic to be de- 
scribed round a triangle ABC, such that the tangent 
at each angle is parallel to the opposite side. (Queens’.) 


34. Prove that if two conics have four-point contact 
at O, and Q is the pole with respect to the second of the 
tangent at P to the first, OPQ are collinear. (Jesus etc.) 
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35. Through a fixed point D any conic is drawn 
having double contact with a given conic. Shew that 
their common chord intersects the tangent at D to the 
second conic on a fixed straight line. (Jesus.) 


36. The tangents at P, Q, R on a conic form a 
triangle ABC. Prove that AP, BQ, CR are concurrent 
and that P[QA RB] is a harmonic pencil. 


37. The locus of the intersections of the polars of 
the points of a given line with regard to two given conics 
is a conic passing through the two poles of the given line 
and the vertices of the triangle which is self-conjugate 
with regard to the two conics. What are the tangents 
at the vertices of the self-conjugate triangle? (Clare etc.) 


38. Ifa conic cut the sides BC, CA, AB of a triangle 
ABC in the points DD’, EE’, FF’ respectively, then will 
BD.BD_ CE.CE' _ AF.AF’ 


CD.CD’ * AE. AE’ * BF. BF’ 


(Carnot’s Theorem.) 


=I, 


39. From a given point on a conic any two chords 
are drawn and through their extremities two chords are 
drawn parallel to the first two and intersecting the conic 
again in two other points; prove that the line joining 
these latter points is parallel to the tangent at the given 
point. (Peterhouse.) 


40. Prove that if an inscribed conic touch the sides 
of the triangle at D, #, F respectively, and if AD meet 
the conic again in P etc., the tangents at P, Q, R meet 
the sides of the triangle respectively in three collinear 
points. 
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41. A’, B,C’ are three points on the sides BC, CA, 
AB of a triangle such that the lines 4A’, BB’, CC’ meet 
In a point. Shew that a conic can be described to touch 
the three sides of the triangle at A’, B’, C’ respectively. 


42. Two conics have contact of the second order at C 
and one touches AB at A and the other touches AB at B. 
If P be the meeting point of the conics other than C, 
prove that CA and CB harmonically separate the common 
tangent at C and CP. 


43. Shew that 
Vla + Vimy + Vnz =0 


1 1 I 


ane —la+my+ nz le— my +nz ln +my—nz_ 


represent the same conic. Explain this fact geometric- 
ally. (St John’s.) 


44. Shew that 


+= =0 


: 
4 


ond / Yay /E ata /S 4d = 0 

m n n Lom 
represent the same conic. Explain this fact geometric- 
ally. (St John’s.) 


ie 
y 


45. A conic meets the sides BC, CA, AB of a 
triangle respectively in D, D’ and FE, E’ and F, F’. If 
the tangents at D, D’ respectively meet AB, AC in K, K’ 
and L be the fourth harmonic of B in regard to F, F’ 
and M the fourth harmonic of C in regard to EL, £’; prove 
that D’L, DM, KK’ are concurrent. 
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46. If the coordinates are areal, shew that the 
diameter bisecting all chords of 
uxt + vy? + w2? + Qu'yz + Qv’2x + 2w'xy = 0, 
parallel to 
le+my+nz=0, 

is | ucetwytyve waetovytue vatuytwz |=0. 

l m n 

1 1 1 


(Queens’.) 


47. Shew that if the lines joining the vertices of the 
triangle of reference to three of the points in which the 
conic 

ax’ + by? + c2?+ 2fyz+ 2gzx + 2hzy = 0 


meets the opposite sides are concurrent, the same is true 


of the other three points; and the condition for it is 
abe — 2fgh — af? — bg? — ch? = 0. 
(Caius etc.) 


48. A conic intersects the sides of the triangle ABC 
in D, D'; E, E’; F, F’ respectively; AD, AD’ intersect 
the conic again in d,d’; BE, BE’ ine, e’; CF, CF’ in f, f’. 
Shew that the intersections of dd’ with the polar of A; 
of ee’ with the polar of B; of ff’ with the polar of C are 
collinear. | (Magdalene.) 


49. ABC is a triangle inscribed in a conic; PLUQ, 
PMVR are two chords parallel to BC, CA respectively, 
L and M lying on AB, U on AC, V on BC. Shew that 

LU:UQ:: RV: VM. 
(Math. Trip.) 


50. A triangle is inscribed in a conic and through 
a point in the circumference straight lines are drawn to 


ja eden om a) 
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meet the sides, each being parallel to the diameter conju- 
gate to the side which it meets. Shew that the three 
points of intersection with the sides are collinear. . 


51. Two conics have contact of the third order with 
a given conic in P, Q respectively. Shew that if they 
touch one another in R, R hes on PQ and that the other 
points of their intersection will lie on a fixed conic which 
has double contact with the given conic. (Jesus etc.) 


52. Prove that, if the conics S=0, S’=0 have 
a pair of common chords a=0 and B=0 such that 
S — 8’ = af, the equation 


kg? — 2k (S + S’) + B?=0 


represents a conic having double contact with each of 


the conics S, S’. (Math. Trip.) 


53. If a point P traces out a conic passing through 
two of the vertices of the self-conjugate triangle of a 
system of four-point conics, then the point of concurrence 
of the polars of P with respect to the conics of the four- 
point system traces out another conic passing through 
the same two vertices of the self-conjugate triangle. - 


54. Two conics have three-point contact at C and 
the other common tangent to the two conics touches 
them respectively at the points A and B. CP and CQ 
are the respective diameters of the two conics through C. 
Prove that PQ passes through the intersection of the 
tangent at C and the common tangent AB. 


55. <Any point P, is taken on the side BC of a 
triangle ABC, and P,Q,, P,A, are drawn parallel respec- 
tively to AB, CA meeting CA, AB respectively in Q,, R,; 
Q,R,, R,Q, are drawn parallel to BC meeting AB, AC 
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respectively in R,, Q,. Shew that, if lines R,P,, QP. be 
drawn respectively parallel to AC, AB, their point of 
intersection P, will be on BC and that the six points 
P,, Ps, Q:, Q, Bi, RB, will lie on a conic. (Sidney Sussex.) 


56. Straight lines drawn from A, B, C through a 
point O meet BC, CA, AB ina, b,c: bc, BC meet in A’; 
ca, CA in B’; and ab, AB in C’: O’ is any point on the 
straight line A’B’C’. If AO’, BO’, CO’ meet BU, CA, 
AB in a’, b’, c’ respectively, prove that a conic can be 
drawn through a, b, c, a’, b’, c’, O' touching A’B’C’ at 0". 

(Jesus etc.) 


57. IfA, B, Cis a triangle inscribed within a conic, 
then an infinite number of self-conjugate triangles PQR 
can be described in such a way that P lies on BC, Q on 
CA and Rf on AB. Also prove that AP, BQ, CR meet 
in a point and state the locus of this point. (Math. Trip.) 


58. Tangents are drawn from a fixed point to each 
member of a system of conics through four fixed points. 
Prove that the locus of the points of contact is a cubic 
curve. '  (Frinity.) 


CHAPTER III 
TANGENTIAL COORDINATES 


1. Tangential Coordinates. 


The coefficients /, m, n in the equation to the line 
la+my+nz=0 
are called the “ tangential coordinates” or the “line co- 
ordinates” of the line. 

Just as we use capital letters to denote points, so shall 
we use small letters to denote lines, and we shall indicate 
that the line p has as its tangential coordinates J, m, n_ 
thus, p =(/, m, n) on the same analogy as P = (za, y, z) in 
point coordinates. 


N.B. In this chapter we shall assume the point 
coordinates to be areals unless otherwise stated. J, m,n 
will then be called the “areal tangential coordinates ” or 
the “areal line coordinates” of the given line. 


2. To find the tangential coordinates of a line passing 
through the intersection of the lines (l,, m,,;); (U2, m2, Nz). 
The equation to the first line is 
U0 +MY + MZ =O... cece cece eens (1). 
The equation to the second line is 


bo MY + 1g = Oo... ccecececcceces (2), 
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and the equation to any line passing through their inter- 
section is of the form (Chap. 1, Art. 8) 

Lat my + m2 +r (l.0 + my + nz) = 0, 
1.e. (1, + Al.) @ + (m, + Am) y + (M4 + Ang) Z = 0...(8). 

Hence its tangential coordinates are 

(1, +Al,, m, + Ams, 2 + ANd). 

Compare with this Chap. 1, Art. 6, where it 1s proved 
that the coordinates of any point on the line joining 
(t, Y;, %) and (#2, Y2, 22) can be written in the form 

(a + AM, Yi + AY2, 2 + AZ.) 
uf we consider ratios only. | 


3. To find the tangential coordinates of the line 
joing two given points. | 

Let the points be (2, y, 4) and (a, Yo, 2). 

Then the equation of the line joining them will be 

LYS — Yor) + Y (212 — 22%) + 2 (Yo — xu) = 0, 
and hence its tangential coordinates will be 
(20 — Yor, 2Xq — Zoek, HYo — LaY). 

Compare with this result the fact that the point of inter- 
section of the two lines (1,, m,, n,) and (l,, me, Ne) has as its 
point coordinates (myn, — man, Ml, — Nel,, bm, — lym,). 

4. To find the tangential coordinates of the sides of 
the triangle of reference. 

The side a or BC has for its equation x = 0, 
1.€. 1.4+0.4+0.z2=0. 

.". In tangential coordinates 

a,1e. BC=(1, 0, 9), 
b, ie. CA = (0, 1, 0), 
c, 1.e. AB= (0, 0, 1). 
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5. To find the areal tangential coordinates of the Line 
at Infinity. 
Its equation in areal coordinates is 
e+y+z=0. 
, Line at Infinity =(1, 1, 1) in areal tangential 
coordinates, 


COROLLARY. 


Line at Infinity =(a,, b), c) in trilinear tangential 
coordinates. 


6. Tangential Equations. 
In point coordinates, if we have an equation 
F(a, y, 2) =0 

and if we trace on paper all the points satisfying this 
equation, we shall get a curve. Now if we have in 
tangential coordinates a relation P (J, m, n)=0 and if we 
draw on paper all the lines whose line coordinates satisfy 
this relation, we shall get an Envelope, i.e. a curve con- 
sidered as touched by all the lines satisfying 


® (1, m, n)=0. 


Fig. 18. 
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In Fig. 18 let a), a,, as, dy, As. Gg be six consecutive 
lines whose tangential coordinates satisfy the condition 


@ (I, m, n)=0. 


Then it is plain that, in the limit, their points of 
intersection A,, Aj, A;, A,, A;, A, will all le on a curve 
and A,Az, etc. will be very small arcs of the curve. 

Hence just as we draw a curve, say on squared paper, 
from its point equation, so can we by ruling off lines 
whose line coordinates satisfy any given tangential equa- 
tion trace out to any required degree of accuracy the 
curve which they envelope. 

To actually draw any given line (2, 3, 4) on paper we 
have only to note that its point equation is 


22+ 38y + 42 =0, 
and that this line cuts the sides BC and CA of the 
triangle of reference in the points (0, 4, — 3) and (2, 0, — 1) 
respectively, which can then be joined giving the line 
required. 


7. To find the tangential equation to a pornt. 


We wish to find the relationship connecting the 
tangential coordinates of all lines passing through a given 
point. 

Let the point be (a, %, 2). 

Then the line (J, m, n), 1.e. the line whose point 
equation is 

le + my +nz=0, 
will pass through this point if 

la, + my, + nz,=0, 
which is therefore the tangential equation to the given 
point. 
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CorRo.uary I. 

An equation of the first degree in |, m, n represents the 
tanaential equation to a pornt. 

Coro.iary II. 


The coefficients of |, m, n respectively, in the tangential 
equation to a point, are proportional to the coordinates of 
the point. : 


e.g. the point represented by the tangential equation 
5l-—6m + In =0 
is the point (5, —6, 7). 


CorROLLaky III. 


The tangential equations of the vertices of the triangle 
of reference are respectively 


for A l=0, 
for B m = 0, 
for C n= 0. 


8. Generating Elements. 


In point equations a point is to be regarded as the 
generating element and a line is to be regarded as a locus 
of points (Fig. 19). 


In tangential equations a line is to be regarded as the 
generating element and a point is to be regarded as an 
envelope of lines (Fig. 20). 

5—2 
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Fig. 20. 


9. Dualistic interpretation of the equation 
la+ my +nz=0. 
In point coordinates, the equation 
le+my+nz=0 
is to be regarded as the condition that the variable point 
(x, y, 2) lie on a certain fixed straight line. 
In line or tangential coordinates, the equation 
lx+my + nz=0 
is to be regarded as the condition that the variable line 
(J, m, n) pass through a certain fixed point. 
10. EXAMPLE 1. 
To find the tangential equation to the centroid of the 
triangle of reference. 
The Centroid = (1, 1, 1) will lie on the line (J, m, n) if 
l+m+n=0, 


which is therefore the tangential equation required. 


EXAMPLE 2, 


ABC is a triangle and CD 1s a fixed line through C. 
P is a varvable point on CD and AP meets CB in Q, while 
BP meets CA in R. Prove that QR always passes through 
a fixed point on AB. 
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Consider the line QR as 
le+my+nz=0. 


, AQ 1s ap Ue SO: cornet tbateeie: (1), 
and BR is eae daa | eee (2). 
Let CD be PEt GY HO ...eeccecceeceeees (3). 
The lines (1), (2), (8) will be concurrent if 
ql + pm =0. 


This is a linear equation in J, m, n which may be 
written 
G-L+p.m+0.n=0 ...ccccccccees (4). 


Wherefore (4) is the tangential equation of the point 
(q, p, 0) which is a fixed point on AB. 


Hence QR= (I, m, n) passes through a fixed point on 
AB, 


EXAMPLE 3. 


If a fixed conic circumscribe the triangle ABC and if 
CP and CQ be two variable chords of the conic harmonic- 
ally separating CA and CB, to prove that the chord PQ 
passes through a fixed pornt. 


Let the conic be 


fye + gzxthay=0  ....c.eceeeeee (1), 
and let the chord PQ be 
bax + my + nZ=O .o.ceeeceececeeees (2), 


Eliminating z between (1) and (2) we get, as the 
combined equation to CP and CQ, 


(la + my) (ga + fy) = Mhxy ...ccsecees. (3). 
The pair of lines (3) will harmonically separate CA 
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and CB if the coefficient of xy vanish (Chap. 1, Art. 17), 
Le. if 

GFEPQMH1N HO siwsevesratateeuen (4). 


Hence the chord PQ always passes through the fixed 
point S, J, — h). 


11. To find the tangential equation to a conve. 
We wish to find the condition that the line (J, m, n) 
should touch the conic 
ax? + by? + cz? + 2fyz + 2gze+ 2hay=0 ...(1). 


Let (2, ¥:, 2,) be a point on this conic. 
Then the tangent thereat will be 


(ax, + hy, + ga) a+ (ha, + by, +f2,)y 
+ (ga, + fy; + cz) z= 0...(2). 


The tangential coordinates of the line (2) will be 
proportional to l, m, n if 


Aly + RY, A GZ, HAL... cs ccereesnoeees (3), 
ha, + by AS 2, =AM .occcrccesecees (4), 
GRAS YA Cy =AN  cecesccccessees (5). 
Also Lay +MY, + NZ, =O ..cccccececewees (6), 


since (2, ¥,, 2) lies on the line (1, m, n). 
Eliminating #,, y,, 2,, % between (3), (4), (5), (6) we 
get, as the tangential equation to the conic, 


ahg t\=0, 
hb fm 
g fen 


which on expansion becomes 
Al? + Bm? + Cn? + 2F'mn + 2Gnl + 2Hln = 0, 
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where 
A = be — f?, 
B=ca-— 4g’, 
C = ab —h?, 
F=gh-—af, 
G = hf— bg, 
H = fg —ch. 


The following easy rule can be given for writing down 
A, B,C, F, G, H at once. Write down the determinant 


ah gf. 
hb f 
g9 fe 


To find the value of any Capital Letter, omit the row 
and column containing the corresponding small letter and 
retain the minor determinant thus obtained, prefiaing a 
positive sign if the small letter corresponding to the large 
letter occur in the centre or one of the corners of the above 
determinant and a negative sign rf anywhere else. 


COROLLARY. 


The tangential equation to a conic is of the second 
degree in l, m, n. 


12. To find the tangential coordinates of the two tangents 
to a given conic passing through a given point. 
Let the conic be 
Al + Bm? + Cn? + 2Fmn + 2Gnl + 2Hlm =0...(1). 


Then the line coordinates of any tangent to the above 
conic passing through the point (a, y, 2) must satisfy, in 
addition to the equation (1), the equation 


lay + MY, ANZ, =O... cceceeeseeeees (2). 
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We have therefore to solve for 1: m:n between the 
equations (1) and (2). 


13. Dualistic aspect of a conic. 
In the case of a conic regarded as a locus of points, 
we must regard two of the points of the locus as belonging 


also to a given straight line (Fig. 21). 


Pe, F 
e e 
e 
e@ e®? 
Seecenee® 


Fig. 21. 


In the case of a conic regarded as an envelope of lines, 
we must regard two of the lines of the envelope as passing 


through a given point (Fig. 22), 


Fig. 22. 
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14. EXAMPLE 1. 


A. given conic touches two lines CA and CB at A and 
B respectively. P 1s a variable point on the conic. AP 
meets CB in Q and BP meets CA in R. Prove that QR 
envelopes a conte. 


Taking ABC as triangle of reference, let the conic be 


a Shey =O vec sasenvediceiwectes (1). 
Let QR = (1, m, n). 
Hence AQ is 
MY + NS AO oo. rcccecccesvcceees (2), 
and BR is 7 Te oe 2 | ee eee ee (3). 
Hence the intersection P of (2) and (8) is 
ee *) 
(; > im’ n/’ 
and since P lies on the conic (1) we get 
2kn? + lm =0, 


which is the tangential equation to a conic. 


EXAMPLE 2. 
To find the condition that the conic . 


Syz + gzet hay=O0  w.ccccccecceees (1) 
be a parabola. 


The tangential equation to this conic is, by Chap. 111, 
Art. 11, 


fF + g?m? + hn? — 2ghmn — 2hfnl — 2fglm =0. 


The Line at Infinity whose line coordinates are (1, 1, 1) 
will touch this conic if 


fit gt h? — gh — 2hf—2fg=0, 
which is therefore the condition required. 
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15. To find the tangential equation of the point of 
contact of the tangent (1,, m,, 1). 
Let the conic be 
>= Alt+ Bm? + Cn? +2Fmn + 2Gnl + 2Him=0...(1), 
‘or, In point coordinates, 
S = ax + by? + cz? + 2fy2z + 2gzx + Zhay = 0...(2). 
Let the point of contact of the tangent (1, mm, n,) be 
(255 isc2s) wihawetontonesheeanes (3). 
The tangent to the conic at (a, y;, 2) 18 
(ax, + hy + 92) @ + (ha, + by; + f2)y 
+ (921+ fy, + 02,) 2 =0...(4). 
Hence from (8) and (4) 
ax, + hy, + g2,=2l, 
ha, + by, + fz,=rAm, 
gt, + fy, + cz, =n. 
.. solving for 1, y,, 2, we get 


L hg 

m b f 

m f ec | .AL+Hm+Gn, : 
LH, Ta kg) mae eae er eae ...(5), 

hb f hb f 

9 f ¢ 'g fe 


and so for y, and 2,. 
Now the tangential equation to the point (a, ¥,, 4) 18 


Lay + NY, + NZ, =O. .rccerccccesevees (6). 
Hence from (5) and (6) the tangential equation to the 
point of contact (%, %, 2) of the tangent (4, m, ,) to 
the given conic is 
L(Al, + Hm, + Gn) + m (A, + Bm, + F'n) 
+n(Gl, + Fm, + Cn,) = 0, 
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or as it may be written 


0 0% | O02 
bot aa tog 


a a ah 


or hatma> +ma =0, 


which is of the same form as the equation to the tangent 
in areals or trilinears (Chap. 1, Art. 3). 


16. To find the tangential equation to the pole of the 
line (U’, m’, n’). 

Let (U’, m’, n’) meet- the conic in the points P, and P,. 
Then the pole of (l’, m’, n’) is the intersection of the 
tangent at P, with the tangent at P,, the tangential 
coordinates of these two tangents being taken to be 
(2,, m,, m) and (l,, mz, n.) respectively. 

Since (/’, m’, n’) passes through the point of contact of 
the tangent (1,, m,, 7), 


a as OS 


ha tma +ma7=0 Cceccecccece (1). 
0 oz 0 
So l. ay’ + Mz ain + Ns, An 7 | rere (2). 


Now (1) and (2) are the conditions that (/,, m,,,) and 
(l2, mz, Nz) each pass through the point whose tangential 
equation is 
“p> oy 0% 
a tam! +" an? = 
which will therefore be the tangential equation to the 
pole of (l’, m’, n’). 

N.B. The tangential equation to the pole is of the same 
form as the point equation to the polar (Chap. 11, Art. 3). 


l Oisadalatecsoest (3), 
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17. Conjugate Lines with respect to a given 
Conic. Two lines are said to be conjugate with 
respect to a given conic when they harmonically 
separate the pair of tangents drawn from their point 
of intersection to the given conic™. 


If two lines be conjugate with respect to a given 
conic, the pole of either with respect to the conic lies 
on the other, 


To find the condition that the two lines (l,, m, n,) and 
(dy, Mg, Ng) be conjugate with respect to the conic. 


The tangential equation to the pole of (J,, m, m) 1s, by 
Chap. 11, Art. 16, 


Oz 8 p> 


- Le. the pole of the line (2,, m,, %) is the point 
o> os ad 
(5° Sim," Gm) 
in point coordinates. 
This point will lie on the line (0,, m., n.) if 
o>, o> Oz 
2 ol, + Mz, am, + Ne On, 
which is the condition required and which may also be 
written 


| =0, 


>> ox 

l, al, +m, ams +N aa 

N.B. This is of the same form as the condition for 
conjugate points in point coordinates (Chap. 1, Art. 3). 


= 0. 


18. To find the tangential equation to a conic touching 
the sides of the triangle of muperenne: 
Let the conic be 
Al? + Bm? + Cn? + 2Fmn + 2Gnl + 2Hlm =0. 
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Then the line a, ie. BC =(1, 0, 0), touches this conic if 
A=0. | 

So the line b, ie. CA = (0, 1, 0), touches this conic if 
B=0. 

So the line c, i.e. AB = (0, 0, 1), touches this conic if 
C=0. 

Hence the equation required is 

2F'mn + 2Gnl + 2Him= 0. 


N.B. The point equation to a circum-conic is 


2fyz + 2gzx + 2hey = 0. 


19. To find the tangential equation to a conic touching 
the two sides of the triangle of reference where they are met 
by the third side. 


Let BC and CA touch the conic at B and A respec- 
tively. 
Hence by last article A = B= 0. 
The conic will therefore take the form 
Cn? + 2F'mn + 2Gnl + 2HIim = 0......... (1). 


Now the pole of the line AB whose tangential co- 
ordinates are (0, 0, 1) has for its tangential equation 
(Chap. 11, Art. 16) 

GL + Fim t+ Cn =0......ccccceceeees (2). 


But, by hypothesis, the pole of AB is C whose 
tangential equation is 
NSO ouxsvorthesecpiaauesaaecegs (3). 


Identifying the equations (2) and (3) we get 
F=G=0. 
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Hence the equation to the given conic becomes 
Cn? + 2Him = 0. 


N.B. The point equation to a conic touching CA at 


A and BC at Bis 
oz? + 2Zhay =0. 


20. To find the tangential equation to a comc with 
respect to which the triangle of reference 1s self-conjugate. 


The pole of the line BC whose tangential coordinates 
are (1, 0, 0) has for its tangential equation 
— AL+ Am + Gn =O. ececc cee eee. .. (1). 


But, by hypothesis, the pole of BC is A whose tangen- 


tial equation is 
P20! -sccopeatunmbanieiene: (2). 


Comparing (1) and (2) we get G@=H=0. So F=0. 
Hence the equation is 

Al? + Bm? + Cn? = 0, 
N.B. The point equation to a conic with respect to 


which the triangle of reference is self-conjugate is 


ax? + by? + cz? =0. 


21. To find the tangential equation of a conic circum- 
scribing the triangle of reference. 


All lines through A must satisfy the condition | =0, 
and hence to find the line coordinates of the two tangents 
drawn from A to the conic 


A*? + Bm? + C'n? + 2F'mn + 2Gnl + 2HIlm = 0...(1) 
put /=0, getting 
Bem? +.2F'mn + Cn? =0 oo... eee eeee (2). 
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Now if the conic pass through A the tangents from 4 
to the conic become coincident. 
Hence (2) will be a perfect square, 


ive. F? = BC, 
F =+ Be. 
Hence the conic (1) becomes 
A*l? + Bem? + O'n? + 2BCmn + 2CAnl + 2ABlm =0...(8), 


where we must take such values of the ambiguous signs 
as will not make (3) a perfect square, i.e. we must take an 
odd number of them negative. 


N.B. The point equation to an inscribed conic is 


ara? + by? + 022? + 2bcyz + 2cazax + Zabasy = 0. 


22. To find the point equation of the conic 
Al? + Bm? + Cn? + 2F'mn + 2Gnl + 2Hlm =0. 


Reasoning as in Chap. 111, Art. 11, we get as the point 
equation 


A H @& «|=9), 
HBF y 
G F C 2 
x y 2 0 


which reduces to the form 
ax? + by? + c2?+ 2fyz + 2gze + aye 0; 


on expanding and cancelling out the factor 


Az=|lah g 
hb f 
g9 fe 


@S 1s easily seen if we remember that 
BC — F? = Aa ete. and GH — AF = Af ete. 
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23. EXAMPLE l. 


The conic 
Fmn + Gnl+ Hlm=0 


touches the sides of the triangle of reference at the points 
D, E, F respectively. To prove that the lines AD, BE, CF 
are concurrent and to find the coordinates of their point of 
intersection. 


The tangential equation of D, the point of contact of 
the line BC whose tangential coordinates are (1, 0, 0), 
will be 


Hm + Gn=0, 
or as it may be written 
1 1 
O.0+ Gg. m+p.n=0 se cccccceces (1). 
Hence in point coordinates 
1 |] 
D= (0, G’ z) cece cc cosececccce (2), 
and the equation to the line AD will be 
GY Sein Biiitau.giiess (3). 


Similarly for BH and CF, whence these lines will al} 
obviously meet in the point 


(m gH) 


EXAMPLE 2. 


To find the point equation to the pair of lines whose 
tangential coordinates are given by 


Al? + 2Hlm + Bm? =0....0......0.. (1), 
n =a | ere re ee ree (2). 
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Let (2, y, 2) be a point on either of the given lines. 
Then any line (J, m, n) passing through this point must 
satisfy the equation 


Lt + MY + NZ =O vrrcccecccccceeees (3). 
Eliminating J, m, n between (1), (2), (3) we get 
Ay? — 2Hxy + Bx =0, 


which is therefore the point equation required. 


EXAMPLE 3. 


i if ABC be a triangle and % a conic, and tf the tangents 
from A to & meet BC in A’, A” and so on, to prove that 
the six points A’, A”, B’, B’, C’, C” all le on a conic. 


If the conic be 
% = AP + Bm? + Cn? + 2F'mn + 2Gnl + 2HIlm =0...(1), 


then the tangents from A to the conic will be obtained by 
putting 7=0 in (1) and solving the resulting quadratic in 
m:n, V1Z. 

Bm? + 2F'mn + Cn? =0....ccccee eens. (2). 


The pair of lines thus obtained will have as their 
combined equation in point coordinates 


2 22 OF 

Bt G~ Boy = 9 nee: (3). 
Consider now the conic 

a a F G H _ 

At pta72 BOY ~ 2 Gg ~~ 7 ay =O). 


This passes through A’, A” in virtue of (3). 


M. 6 
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- For, putting «=0 in (4), we get as the combined 
equation to the two lines joining A to the points of 
section of the conic with BC 

A a, a 
Bt O° BCY=% 
1e. AA’, AA” by (3). 
The conic (4) will be seen to pass also through B’, B’, 
C’, C” by symmetry. 


24. Common Tangents to two Conics. Every 
pair of Conics has four common tangents ”). 


The Diagonal Triangle of the Complete Quadri- 
lateral formed of the four common tangents to two 
given conics is self-conjugate with respect to each of 
the two given conics ™’. 


Canonical Form in Tangential Coordinates for the 
equation to two given conics. 


Draw the four common tangents to the two given 
conics. 

Refer the conics to the Diagonal Triangle of the 
Complete Quadrilateral, formed by their four common 
tangents, as triangle of reference. 

Since this triangle is self-conjugate with respect to 
each of the conics, their equations will be of the form 


A, + B,m? + Cin? = 0, 
A,[? + Bym? + C.n? = 0. 

25. System of Four-Line Conics. A system of 
Four-Line Conics is a system of Conics each member 
of which touches four given straight lines’. 

To find the tangential equation to the system of conics 
touching the four common tangents of the two given conics 
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>, and X, whose equations are given in tangential co- 
ordinates. | 
_ Consider the equation 
+ AZ, =0, 
Being of the second degree in J, m, n it represents a 
conic. 
Also since the tangential coordinates of any of the 


four common tangents to the conics >, and >, satisfy 


both 
pas = 0 and >, =0, 


they will also satisfy 
=. + Qe = 0. 


Hence > +A2, =0 
is the general tangential equation to all conics touching 
the four common tangents of 2, and 2,. 

COROLLARY. 

The general tangential equation to all conics touching 
the four common tangents of two given conics can be taken 
an the form 

(A,2? + Bym? + C,n?) + (4,2 + Bom? + Cn?) = 0. 


26. EXAMPLE I. 

Of all the members of a Four-Line System of Conics, 
one 1s a parabola. 

Take the equation to a conic of the given Four- 
Line System in the form 

(A,2? + Bym? + Cyn?) + » (A,0? + Bym? + Cn?) = 0. 
This will touch the Line at Infinity, whose line coordinates 
are (1, 1, 1), if 
(A,+B,+.C,)+0(4,4+ B+ C,)=9, 

which gives one value for 2. 
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EXAMPLE 2. 


The join of the poles of two given lines unth respect to 
all the members of a Four-Line System envelopes a conie. 


Let the given lines: be (4, m,, 2) and (1, me, Ne). 
The tangential equations of the poles of these lines 
with respect to the conic 


(A,2? + Bym? + Cyn?) +r (AP + Bym? + Cyn’) = 0...(1) 
are respectively 
(All, + Bymm, + Cynn) 
+2(All, + Bymm, + Cinn,) = 0...(2), 
(A,1l, + Bymm, + Cynne) 
+2(A,Il, + Bumm, + Cynn.) = 0...(3). 
Hence if (J, m, n) be the line satisfying (2) and (8) 
simultaneously, it will be the line joining the poles of the 
given lines with respect to that conic of the Four-Line 


System whose parameter is 2. 
Eliminating » we get, as the envelope required, 


(A,1,1 + Bymym + Cynn) (All + Bumgm + Cyn n) 
= (A,1,J + Bymgm + Cyn,n) (AQb1 + Bzmym + Cann). 


27. Degenerate Conics in Tangential Coordinates. 

The general equation to a conic in Tangential Co- 
ordinates is 

Al? + Bm?+ Cn? + 2F'mn + 2Gnl + 2Hlm = 0...(1). 

If, however, 
Ae Hh. Gs) OF stun ntoranen (2), 
H BF 
G FC 


it can be shewn, as in Chap. I, Art. 15, that (1) can be 
resolved into a pair of linear factors; and since in tan- 
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gential coordinates linear equations represent points, we 
see that if (2) vanishes, (1) will represent a pair of points. 


Thus in tangential coordinates a degenerate conic 1s a 
“pair of points,” whereas in point coordinates a degenerate 
conic 1s a “ pair of lines.” 


28. If P, and P,; Q, and Q, be two pairs of points 
(Fig. 23), to find the general equation to a system of conics 
touching the four lines P,Q,, P.Q:, P.Q,, P.Q:- 


Let 
P,= (a, Yr) 2); P= (Xo, Yo) Zz) ; 
Q: = (xy’, Yi» 2,) ) Q> = (a,’, Yo 2, ). 


Q, 


P, 


P, Q, 
Fig. 23. | 


Now we may regard P,; P, and Q,; Q, as two degen- 
erate Point Conics having the four lines P,Q,, P,Q, P.Q,, 
P,Q, as their four common tangents. 

But the tangential equations to the degenerate Point 
Conics P,; P, and Q,; Q, are respectively (Chap. 11, 
Art. 7) 

(la, + my, + NZ) (leg + MY. + NZ) = 0...... (1), 


(la’ + my,’ + nz,') (lay’ + my,’ + 2,') = 0...... (2). 
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Hence, applying Chap. 111, Art. 25, the general equation 
to all conics touching the four lines P,Q,, P ee P,Q: 
PQ, will be 


(la, + my, + n2,) (la, + My, + NZ2) 
+A (la, + my, + nz’) (lay + my, + nz,') = 0. 
Corouuary I. 


The general tangential equation to all conics touching 
ao four common tangents drawn from P,= (%, %; 41) and 
P= (2, Yo, 22) to the conic &% will be 


(li, + my, + nz,) (lx, + my, + NZ) + AL =0. 
Coro.uary II. 


To find the tangential equation of a conic >’ touching 
another conic % at a given point. 


P, 


Fig. 24. 
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Let P, be a point very near the curve > (Fig. 24). 
Then the tangents from P, to & will nearly coincide. 
Also if a conic &’ touch the tangents drawn from P, to >, 
it will touch these two tangents at points very near to P,, 
and in the limit when P, lies actually on , = and &’ will 
touch at P,. 

Let (1,, m, n,) be the tangent at P, to 2. Then the 
tangential equation to the point P, will be 


Hence the tangential equation to >’ will be of the 
form 


0 o> p> 
(2 aL, +m ai tnx] (lig + My, + NZ) + AD = 0, 


where P, is a point whose coordinates are (2, Y2, 2). 


CoxoLLARY III. 


To find the tangential equation of a conic >’ having 
double contact with a given conic & at two given points P, 
and P,, the tangents at which are (1,, m,, n,) and (l,, me, Ne) 
respectively. 


Obviously 


a> a a3\/,05 a a 
(iar timo tn) (tae + moe +n) 


CoROLLaRy IV. 

To find the tangential equation of a conic > having 
double contact with a given conic > at the points where it is 
met by the line (1l,, m,, n,). | 

Let >’ be a conic touching the four common tangents 
from P, and P, to % (Fig. 25). Then in the limit 
when P, and P, move up close together and ultimately 
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coincide, > will touch & at the points where the tangents 
from P, touch %, i.e. at the points where the polar of P, 


P,P, 


Fig. 25. 


cuts 2. If this polar be (J,, m,, m), the tangential equa- 
tion to P, will be 

0x m ox tn o> _ 
ol, mam, On, 
(Chap. 111, Art. 16), and >’ will be 


Cp ox a2 
(tar +m rat Mae) +rAX=0. 


Y 0 


COROLLARY V. 


To find the tangential equation of a conic >’ having 
contact of the second order with a given conic >. 


Let the conic =’ cut = in three points P, Q, R very 
close together (Fig. 26). Let S be the other point. Let 
us draw the four common tangents of = and >’ and we 
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then see that three tangents very nearly coincide at P. 
Let P, be the point of coincidence of P, Q, R, and let the 
tangent thereat be (/,, ™, m) and let P,=(a%, Yo, 22) 
(Fig. 27). 


N 


M 


Fig. 26. 


be the point of intersection of the fourth common tangent 
and (1,, 7, ™). Then 2’ becomes 
p> ox o> | 
( aL, eg +nx) (la, + my, + nz) +AX=0, 
where 1,2 + MY2 + 2, = 9, 


since in this case P, lies on the tangent at P,. 


Coro.LuaRyY VI. 


To find the tangential equation to a come %' having 
contact of the third order at P, with &. 


In this case >’ cuts = in four coincident points and 
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the four common tangents become coincident. Hence 
P, and P, of Corollary V become coincident, and we get 


for > : 
“>> “D> Oz \? 
(ee +ms= +n] +2r~AD=0. 


P, 


29. EXAMPLE 1. 

If a series of conics touch each of two given straight 
lines and have double contact with a given conic, the poles 
of the chords of contact will le on one or other of two 
given straight lines. 
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Let the conic be 
Al? + Bm? + Cn? + 2F'mn + 2Gnl + 2Hlm = 0, 
and let the two straight lines be CA and CB. 
Let (a, y, z) be the pole of the chord of contact. Then 
the system of variable conics will be 
(la+ my + nz)? 
= 2 (Al? + Bm? + Cn? + 2F'mn + 2Gnl + 2Hlm)...(1). 
Now (1) will touch CB =(1, 0, 0) and CA =(0, 1, 0) if 
a*=rA and y?=2B respectively. Hence eliminating X 
the poles he on ? 
a 
AB’ 


whence the proposition is evident. 


EXAMPLE 2. 


If a series of conics have contact of the third order 
with a given conic % at a given point C on &, the locus of 
their centres is a line through C. ok 
Let the tangent at C to the fixed conic be chosen as 
CA. 7 | 

Hence Y=Al?4+Cn?+2Fmn+ 2Gnl=0 ...... (1). 

Since the tangential equation to the point Cisn=0, 


the required system of conics will be (Chap. 11, Art. 28, 


Cor. VI) 
AP? + Cr? +2F'mn + 2Gnl +An?=0 ...... (2). 


The centre, being the pole of the Line at Infinity 
(1, 1, 1), will have as its tangential equation 
(44+G@)l+Fm+(C+F+G+r)n=0, 
whose point coordinates evidently satisfy the fixed line 


A+G F 
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30. Jo find the areal coordinates of the centre of a 
conic whose equation ts given in tangentials, 

The centre being the pole of the Line at Infinity has 
for its tangential equation 

l\(A+H+G)+m(H+B+FP)+n(G+F+C)=0, 
whence the areal coordinates of the centre are 


(\A+H+G, H+ B+F, G+F+C. 


31. To find the asymptotes of a conic. 
Find the pair of tangents from the centre to the conic, 
1.e. solve for 1, m, n between 
j Al? + Bm? + Cn? + 2F'mn + 2Gnl + 2HIim =0 
an 
l\(A+H+G)+m(H+B+F)+n(4+F40)=0. 
If the roots thus obtained are real, the conic 1s @ 
hyperbola. 
If the roots thus obtained are imaginary, the conic 
is an ellipse. 
The condition for a parabola is that the Line at 
Infinity (1, 1, 1) touch the conic, 1.e. 
A+B+C0+2F4+2G+2H =0. 


32. To find the Line Coordinates of the Polar Line of 
(@, Y:, 2) with respect to the conic 


e+y’?+2?=0. 
The equation to the polar line of the point (%, %, %) 
with respect to the above conic is 
BDA YY P22 = OV wessecsiesecnvsnes (1). 


If the line coordinates of the line (1) be (0,, m,, ,), we 
have 
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33. Dualistic Interpretation of Equations in Homo- 
geneous Coordinates. 

Last article shews us that if we establish a eel 
proposition by means of a chain of algebraic equations 
in homogeneous coordinates, we have merely to replace 
x, y, 2 by 1, m, n respectively throughout the chain of 
homogeneous equations and we shall get a new geometrical 
proposition, if we interpret accordingly. 

This ts merely the analytical form of the Geometrical 
Theory of Reciprocation with respect to the conic 

e+y+z22=0. 

The Dual or Two-fold interpretation of equations thus 
explained ts called the Principle of Duality. 


34. EXAMPLE. 


A conic circumscribes a triangle. To prove that the 
lines joining the vertices to the poles of the opposite sides 
respectively, are concurrent (Fig. 28). 


C, 


Fig. 28. 
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Then 
Syz + g2at hay =O ..ccccccceceneees (1) 
is the equation to a circum-conic. 
WEPIZH]O dapisnsstaveduenscens (2) 
is the equation to the tangent at B. 
GEPIYSO™ ei hasanteaceeienes (3) 
is the equation to the tangent at C. 
(271) cuetina oatenwwsnteen ata (4) 
are the coordinates of A’. 
| Dae 
a Cee (5) 
is the equation to AA’, 
icc z 4 
Sunilarly hg Ce (6) 
is the equation to BB’, 
and ee “daeeGieietaeimedacdeas 7 
| | f 9 sie 
is the equation to CC”. 
5 Gi) catia soe dest (8) 


is the point of intersection of 4.4’, BB’, CC’. 


Dualistic Proposition and Proof. 


(In what follows aa’ will mean the point of inter- 
section of the lines a and a’, Fig. 29.) 

Replace x, y, z by l, m, » respectively in the above 
proof and interpret step by step. 


Jmn + nb + hl =O c.ccce cee eecees (1) 
is the equation to an inscribed conic. 
WA JUS O. -avesesesasmasasastace (2) 
is the equation to the point of contact of b. 
OUP SHO) secdacstagasavoanies (3) 


is the equation to the point of contact of c. 
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CF Oj) icectass tusidudvecstens (4) 


are the line coordinates of a’. 


m n 
9g — i cece ccc or eceerecnseoeces (5) 
is the equation to aa’. 
— nO 
Similarly ae a ea, (6) 
is the equation to bb, 
and 0 (7) 
| gr a ce 
is the equation to cc’. 
CLO) -aietiaawetnaneureneacite (8) 


is the line of collineation of aa’, bb’, cc’. 
Hence we get the Dual Proposition. 


Dual Proposition. 


If a conic be inscribed in the triangle abc and if a’, b’, ¢’ 
be the polars of be, ca, ab respectively, then will aa’, bb’, 
ec’ be collinear. 
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EXAMPLES. III. 


1. Prove that the three points whose tangential 
equations are 
pil + qm + rn = 0, 
Pol + qm + rn = 0, 


. pst + gsm + ryn = 0, 
are collinear if 


AG 1 |=9. 
Pe de Te 
Ps 43 13 


2. Pisa variable point on the line 
uz +ovy+wz=0. 


AP meets CB in Q and BP meets CA in R. Prove 
that QA envelopes the conic 


umn +ounl —wlm = 0. 
3. The conic 
Cr? + 2Him =0 


touches C'A at A and CB at B. A variable tangent to 
this conic meets CB in P and CA in Q. AP and BQ 


meet in R. Prove that the locus of R is the conic 
Cay + 2H2* = 0. 


4. A series of variable parabolas 
Al? + Bm? + Cn? = 0 


are drawn. Prove that the polars of the point (X, Y, Z) 
envelope the conic 


Amn+ Ynl + Zim =0. 


STL ST enn TT SUL AT dhe 5h FR, J ESM RP UrtPEEE 


— "a or 5 ete SS ee 


ieee te Ieee Par ee a ee i ee 
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5. Prove that the locus of the poles with respect to 
the series of variable parabolas 


Al? + Bm? + Cr? =0 
of the fixed line (1,, m,, n)) is the line (J,7, m,.—, m)~). 


6. A series of variable conics is drawn self-conjugate 
to the triangle of reference and touching the line (/,, m,, mp). 
Prove that the locus of their centres is the line 


al? + ym, + zn? = 0. 


7. The variable conic 
Fmn + Gul + Hlm =0 
touches the three sides of the triangle of reference at D, 
E, F respectively, and also touches the line 
ux+ vy + we =0. 


Prove that the locus of the point of concurrency of the 
three lines AD, BE, CF is the conic 


8. If Al’?+ Bm?+Cn?=0 be a parabola, prove that 
the axis is parallel to the line 


2 (B—C)+y(C—A)+2(A—B)=0. 


9. A variable conic touches the sides of the triangle 
of reference and also the line 
uc + vy + wz = 0. 
Prove that the locus of the centre is the line 


1 1 1 1 1 1 1.1 1 
wg tota) ¥(G~5 a) ** Gea 8 


10. The locus of the centres of all conics touching 
four fixed straight lines is a straight line. 
M. 7 
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11. All parabolas inscribed in the triangle joining 
the middle points of the sides of a triangle are self-con- 
jugate with respect to the original triangle. 


12. P is a point on CA and Q is a point on CB 
such that PQ is bisected by AB. Shew that PQ envelopes 
the parabola whose equation is 


2lm =n(l +m). 


13. By referring two conics S and S’ to their common 
self-conjugate triangle, shew that there are four conics V 
such that the polar reciprocal of S with respect to V is S’ 
and vice versa. (St John’s.) 


14. Given two conics S, and S,, there are four conics 
with respect to which S, and 8, are reciprocal, and these 
four are such that the reciprocal of any one of the four 
with respect to any other of the four is a third member of 
the quartette. (Peterhouse etc.) 


15. A and B are two fixed points, S is a fixed conic, 
and O is a fixed point. OPQ is a chord of S and a conic 
passes through ABPQ such that PQ and AB are conjugate 
lines. Shew that if the conic meets S again in U and J, 
UV passes through a fixed point. (Clare etc.) 


16. Prove that the general tangential equation to 
any point lying on the line joining the points whose tan- 
gential equations are 

xl+ym+ 24n=0, 
Lol + ym + 2.n = 0 
iS (a,l + ym + %N) +A (al + yome + 2yn) = 0. 


What equation in point coordinates is this dualistic to? 
(Chap. I, Art. 8.) 
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17. Two fixed conics touch at A and B. LM is a 
chord of one touching the other in Q. Prove that the line 
joining Q to the intersection of A and BL passes through 
a fixed point. (Jesus etc.) 


18. Ifthe coefficients in the equation of a right line 
contain a parameter A in the first degree, the line passes 
through a fixed point; if in the second degree, it touches 
a conic. 


19. The tangential equation of a conic is 
> = Al? + Bm? + Cnr? + 2Fmn + 2Gnl + 2HIim =0. 


Find the tangential coordinates of the line through 
the poles of two given parallel lines. Hence find the 
tangential equation of the centre. 


20. If, H be the foci and P, Q points on an ellipse 
such that SP, HQ are parallel, prove that PQ always 
touches an ellipse having the same principal axes. 


21. A chord PQ of a conic passes through a fixed 
point. If the circle on PQ as diameter meets the conic 
again in P’Q’, shew that P’Q’ also passes through a fixed 
point. (Caius etc.) 

22. The equation of a conic in areal coordinates is 

x— yz=), 
and through the point of intersection of « = 0, y = 0 lines 
y= mz, 
(Am+ B)y=(Cm+D)« 
are drawn to intersect the conic again in P and Q respec- 
tively. If A, B, C, D be constant but m vary, shew that 


the envelope of PQ is a conic which touches the given 
conic in two points. 


7—2 
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23. Two conics are given by the equations 


2 2 2 
1) 742747 =0, 


ON ee a 
(2) AtRete 0. 


Prove that the four common tangents to (1) and (2) 
are 


aN BO'—BO+yVCA'—0'A +2V AB — A'B=0, 
and that all conics which touch these four tangents are 
included in 
oe reek: ee eee, 
A+KA’* B+ KB" O+KO 
(Peterhouse etc.) 
24. The four common tangents to two conics meet 
two by two in points whose polar lines pass through one 


or other of the three vertices of the self-conjugate triangle 
of the inscribed quadrangle. (Clare etc.) 


25. If two conics have three-point contact at O and 
Q is the pole with respect to the second of the tangent at 
P to the first, the envelope of PQ is a third conic. 


26. Prove that four conics can be drawn to circum- 
scribe a given triangle and to have double contact with a 
given conic; and that any conic to which the given 
triangle is self-conjugate and which touches one of the 
four chords of double contact touches the other three. 

(Trinity.) 


27. Any three points A’, B’, C’ are taken on the 
sides BC, CA, AB of a triangle ABC such that 


BA’: A'C=CB’: BA=AC’: CB. 
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Shew that the centroid of the triangle A’B’C’ coincides 
with that of ABC. Shew also that each side of the triangle 
A’B’C" touches one of three fixed parabolas respectively. 


28. The conic 
ax? + by? + cz? + 2fyz + 2gza + 2hay = 0 
meets the sides in three point pairs, and these on being 
joined to the respectively opposite angular points of the 


triangle of reference, determine three line pairs; prove 
that the six lines thus constructed touch the conic 


bel? + cam? + abn? — 2afmn — 2bgnl — 2chlm = 0. 
(St John’s.) 


29. Find the tangential equation of all conics touch- 

ing the four lines 
le+my+nz=0, 
and shew that if 
Ly? + My? + Nv? =0 

be a conic touching all four lines, then the cross-ratio of 
the range determined by the four given tangents on any 
fifth is the ratio with the sign changed of some two of 
the three quantities Zl?, Mm?, Nn’. (St John’s.) 


30. A conic is defined by the tangential equation 
d (1, m, n) =0. 


Prove that the tangential coordinates of its asymptotes 
are given by 


d (1, m, n) =0, 
Op , Op ae 
on on 


(Peterhouse etc.) 
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23. ‘Two conics are given by the equations 
xv y? 2 


42 = 


AtBt+G=? 


Bi ae ge 
(2) at pt q@=?. 
Prove that the four common tangents to (1) and (2) 
are 


aN BC'—BC+yNVCA'—0'A +zVAB — A'B=0, 
and that all conics which touch these four tangents are 
included in 
an + a a _ =O 
A+KA’* B+ KB" C+ KO'~ 
(Peterhouse etc.) 
24. The four common tangents to two conics meet 
two by two in points whose polar lines pass through one 


or other of the three vertices of the self-conjugate triangle 
of the inscribed quadrangle. (Clare etc.) 


25. If two conics have three-point contact at O and 
Q is the pole with respect to the second of the tangent at 
P to the first, the envelope of PQ is a third conic. 


26. Prove that four conics can be drawn to circum- 
scribe a given triangle and to have double contact with a 
given conic; and that any conic to which the given 
triangle is self-conjugate and which touches one of the 
four chords of double contact touches the other three. 

(Trinity.) 


27. Any three points A’, B’, C’ are taken on the 
sides BC, CA, AB of a triangle ABC such that 


BA’: A'C=CB’: BA=AC’: CB. 
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Shew that the centroid of the triangle A’B’C’ coincides 
with that of ABC. Shew also that each side of the triangle 
A’B'C’ touches one of three fixed parabolas respectively. 


28. The conic 
ax? + by? + cz? + 2fyz+ 2gza + 2hay = 0 


meets the sides in three point pairs, and these on being 
joined to the respectively opposite angular points of the 
triangle of reference, determine three line pairs; prove 
that the six lines thus constructed touch the conic 


bel? + cam? + abn? — 2afmn — 2bgnl — 2chlm = 0. 
(St John’s.) 


29. Find the tangential equation of all conics touch- 

ing the four lines 
le+my+nz=0, 
and shew that if 
Dd? + My? + Nv? =0 

be a conic touching all four lines, then the cross-ratio of 
the range determined by the four given tangents on any 
fifth is the ratio with the sign changed of some two of 
the three quantities Ll?, Mm?, Nn’. (St John’s.) 


30. A conic is defined by the tangential equation 
d (I, m, n) =0. 


Prove that the tangential coordinates of its asymptotes 
are given by 


d (l,m, n) = 90, 
ab Ob | Ob _ 
ob tom on 


(Peterhouse etc.) 
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31. A conic circumscribes a triangle and its centre 
moves along amedian. Prove that the asymptotes touch 
a conic which touches two of the sides of the triangle at 
the extremities of the remaining side. (Math. Trip.) 


32. The line of collinearity of the middle points 
of the diagonals of a quadrilateral is drawn, and the 
middle point of the intercept on 1t between any two sides 
is joined to the point in which they intersect. Shew 
that the six lines so constructed together with the line of 
collinearity and the three diagonals themselves touch a 
parabola. (Math. Trip.) 


33. Through each point of the line joining the middle 
points of the diagonals of a quadrilateral, the diameter 
conjugate to the line of middle points with respect to the 
conic touching the four sides of the quadrilateral and 
having that point as centre is drawn. Shew that these 
diameters envelope a parabola. (Clare etc.) 


34. A conic passes through three given points and 
one of its asymptotes is in a fixed direction; prove that 
the other asymptote touches a fixed parabola, which 
touches the lines joining the three points, and has its 
axis in the fixed direction. Find also the locus of the 


centre of the conic. (Clare etc.) 
35. From (ay) four normals are drawn to 
Fy ba y? 
a 1=0. 


Shew that the four corresponding tangents satisfy the 
tangential equation 
xmn—ynl+clm=0. (c?=a?—6*) 
(St John’s.) 
36. Normals from (ay) are drawn to 
y? — 4ax =0, 
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and la+my+n=0 
is one of the tangents at the feet of the normals. Prove 
that 
Py, — lm (a — 2a) + mn = 
and therefore all three tangents touch the parabola 
(a + % — 2a)? + 4yy = 0. (St John’s.) 


37. A parabola touches the sides of the triangle 4 BC 
in D, E, F respectively, and DE, DF cut the diameter 
through A in b,c respectively. Shew that Bb and Cc are 
parallel. (Sidney Sussex.) 


38. <A conic passes through three fixed points and 
touches a fixed straight line. Shew that the locus of the 
pole of the line joining two of the points is another conic 
touching each of the lines joining the points. 


39. A series of parabolas touch the three sides of 

a triangle. Prove that the line joining the points of 
coutact of any two sides passes through a fixed point. 

(Peterhouse. ) 


40. Shew that the condition of contact of the line 
le+ my +nz=0 
with the curve 
ye? + 2°00 + a?y? — Qa2yz — 2y’zx — 22°xy =0 
is | (l+m+n)=27lmn. (Jesus etc.) 


41. If the point coordinates be areal, then the 
asymptotes of all conics circumscribing the fundamental 
triangle and passing through the point (#y,2,) touch a 
curve of the third class whose equation is 


— 2 _ 2 = 2 ; 
(m mpl  (n pm , ( mn _o, 
Dy Nn 2, 


(Math. Trip.) 


CHAPTER IV 
THE CIRCULAR POINTS AT INFINITY 


1. The following properties in Projective Geometry 
will now be required: 

Circle. All circles cut the Line at Infinity in the 
same two points, usually denoted by I and J, and 
called ‘‘The Circular Points at Infinity”. 

Concentric Circles. A series of Concentric Circles 
having O as their common centre are to be regarded 
as a series of conics touching OI and OJ at I and J 
respectively “), 

Perpendicular Lines. If OP and OQ be two per- 
pendicular lines, they will harmonically separate OI 
and OJ @, 

Rectangular Hyperbola. A Rectangular Hyper- 
bola cuts the Line at Infinity in two points that 
harmonically separate I and J. 

Focus. If S be a focus of a conic, then SI and 
SJ are each tangents to the conic™. 


2. To find the areal equation to the Circum-Circle of 
the triangle of reference. 


Let a, bo, Co, Ao, By, C, denote the magnitudes of the 
sides and angles of the triangle of reference (Fig. 30) as in 
Chap. 1, Art. 5. 
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The equation to any circum-conic is of the form 


Fyz t+ gzxt hay =O ...cccccccceeee (1), 
and the tangent at C' to this conic will be 
GE Py: a attincusitestenass (2). 


Fig. 30. 


Let P be a point on the tangent at C to the 
Circum-Circle. 

Drop the perpendiculars PZ and PM on CB and CA 
respectively. 

Then if P =(a, y, 2) 1n areal coordinates, and if we 
observe that P lies on the positive side of CB and on the 
negative side of C’A in the figure, we get 

@ = “eae =f 
Doe + ty =O rccscceccecsceeee (3). 
cane (2) and (3) we get 
Jd 
a? 
h 


at. (by symmetry). 
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Hence the equation to the Circum-Circle is 
a,@y2z + b2za + c3xy = 0. 


3. To find the combined tangential equation to I and 
J, the Circular Potnts at Infinity. 


We here use the theorem that “all circles cut the Line 
at Infinity in the same two points, J and J.” 
Let (2, 41, 2) be the areal coordinates of J (or J). 
Let (, m, n) be a line through that point. 
Since J lies on the line (J, m, ») and also on the Line 
at Infinity, 
Lay + MY + NZ =O... cceeesevreeves (1), 


i a) fs oe 2 aed eee (2). 
Solving we get 


@eeaeeveteeeseneevee 


m—n n—-l l— 
Since this point lies on the eset we get, on 
substituting from (3) in | 
| apyz + b22x+ cerry =O, 
a? (n—l)(lL—m) +62 (1 — m) (m —n) +62 (m —n)(n - l) =0, 
Le. on expansion 
a,2l? + 5.2m? + c,2n? 
— 2b,c, cos Aymn — 2c,a, cos B,nl — 2a,b, cos Glm = 0, 


which is the combined tangential equation to I and J. 


4, To find the epndition that the lines (l,, m, my and 
(1,, M2, N2) be perpendicular. 

Let the given lines be OP, and OP,. 

Since OP, and OP, are perpendicular, they will har- 
monically separate OJ and OJ. Now OJ and OJ may be 
regarded as the tangents from O to the degenerate point- 
conic I; J. 
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Hence OP, and OP, are conjugate lines with respect to 
the point-conic J; J whose tangential equation is 
a2? + b 2m? + cy?n? 
— 2b,c, cos A,ymn — 2c,a, cos B,nl — 2a,b, cos C,lm = 0, 
the condition for which is (Chap. 11, Art. 17) 
aghl, + bemymy + 62m, — byCy cos A, (M,N + MN,) 


— Coty COS By (1,1, + Nol,) — Ayby cos C, (L,m, + Lm) = 0. 


5. To find the condition that the conic represented by 
the general equation of the second degree be a circle. 


Since a circle passes through I and J, it must pass 
through the points in which the Line at Infinity cuts the 
Circum-Circle. Hence the general equation to a circle 
will be (Chap. 11, Art. 11, Cor.) 
aryz + bPzx + c°xy + (a+y+z) (le+my+nz)=0...(1). 

Identifying this equation with — 

ax? + by? + c2* + 2fyz + 2g2x + 2hry=0 ...(2) 
we get that the corresponding coefficients will be propor- 
tional, and hence 


t=na, 
m= Nb, 
n=N2Xe, 


M+n+ a? = 2nrf, 
n+l+ b= 2nr9, 
l+m+c,? = 2rh, 
whence it is plain that 
b+c—2f ct+ta—2g_ a+b—2h 
az b,? 7 6; 


which are the two conditions required. 
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6. To find the condition that the general equation of 
the second degree may represent a Rectangular Hyperbola. 


By Chap. Iv, Art. 1, the Circular Points at Infinity I 
and J will be conjugate points with respect to the Rect- 
angular Hyperbola. 

Let L=(%,%41,%) and J=(ae, Yo, 2). 

Then the combined tangential equation to J and J 


will be 
(la, + my, + NZ) (lay + My, + NZ) =O) ....-. (1). 


But the combined tangential equation to J and J 1s 
known from Chap. Iv, Art. 3, to be 
a,2l? + b,2m? + ¢,2n? | 
— 2b,c, cos Aymn — 2c,a, cos Bynl — 2a,b, cos C,lm = 0...(2). 
Hence the corresponding coefficients in (1) and (2) must 
be proportional. Thus 


LL = pay” 

WYo = pb? 

2,2, = PCy” 
Yr2_ + YoR, = — 2b Cy COS Ag ...seeee. (3), 
2,2q + 29%, = — 2p a, cos B, 


LYo + LY, = — 2payb, cos C, 


where p is a numerical multiplier. 
Now [= (a, %,%) and J=(a, y, 2) will be con- 
jugate points with respect to the given Rectangular 


Hyperbola 
ax? + by? + cz? + 2fyz + 2gze + 2Zhay =0 


if (Chap. 11, Art, 3, Case IT) 
AX, Hy + bY Ys + 62,2. +f (Y:22 + Yo%r) 
+ 9 (2% + 22%) + h (ayy, + x2y,) = 9, 
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Le. if 
aa? + bb? + cc? — 2fbc, cos Ay — 2gena, cos B, 
— 2ha,b, cos C, = 0, 


which is therefore the condition required. 


COROLLARY. 


If the combined point equation toa pair of straight lines 
be given and if we wish to find the condition that they 
be perpendicular, we regard them as a rectangular hyper- 
bola and use the foregoing condition. ” 


7. Radical Ams of two given Circles. 
If S be the equation to a circle, then 


AS + (la + my +z) (a@+ y¥+2)=0......... (1) 
will represent the equation to another circle S’, and 
lat MY ANZ =O ...cerccccccsences (2) 


will be the equation to their Radical Aas. 
The equation (1) represents a circle, since it passes 
through the intersections of the Line at Infinity 
zty+z=0 
and the circle S=0, 


Le. it passes through J and J. 
Also the common chord of the circles S and S’ other 


than the Line at Infinity is 
la+my +nz=0, 
which is therefore their Radical Axis. 


If we take S to be the Circum-Circle we can find very 
convenient interpretations for J, m, n, as follows: 
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8. Ifa circle be taken in the form 

An y2 + byze + ceny =(x +y +2) (la + my +nz) ...(1), 
to find a geometrical interpretation for l,m, n. 


Fig. 31. 


Let the above circle cut the sides of the triangle of 
reference in the points P,, P,; Q,, Q,; RR, respectively 
(Fig. 31). 

Let (x, y, 0) be the “actual areal coordinates ” of one of 
the points in which the given circle cuts AB. 

Then is a a ee ee (2) 
and la? + (l+m—e?)ey+mypP=0  ........ (3) 
if we substitute in (1). 

Hence eliminating y between (1) and (2) 

la? + (+m —c?) x(1—2)+m (l—a=0 ...(4). 
Thus if x, and z, be the roots of the equation (4) 


HL Ly = = ituieseette Doutta sk (5). 
Co 
ACR,B RB 


But | “= 
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Now if we denote by ¢,, t., t; the lengths of the 
tangents from A, B, C respectively to the circle, we get 
from (6) t?= A, B.R,B =m. 

Thus t=t?, m=t?, n=t,?, 
and we may write the equation to the given circle thus: 

ary2 + b22r + ceey =(a+y+2) (tet+ ty + t,72), 
a formula which enables us to write down the equations 


to most circles almost instantaneously. 


9. By the formula of Art. 8 we get the equations to 
the following circles very quickly and we shall place them 
here for convenience of reference. 


Nine-Points Circle. 
2 (a,’yz + b,22x% + cy) 
=(x +y4¥+2)(b.c, cos Ayr + Catt cos Byy + ab, cos C,z). 
Polar Cirele (i.e. circle to which ABC 1s self-conjugate). 
arys + b2zx + cary | 
=(#@+ y + 2) (bc, cos Agr + Cyd) cos Boy + ab, cos Cyz) 
or cot A,2? + cot By? + cot C)z?=0. 
Inscribed Circle. | 
(8) — Go)? + (8 — Dy)? y? + (8 — Co)? 2? — 2 (89 — Do) (8) — Go) YZ 
— 2 (8) — Cy) (8) — Ay) 2% — 2 (8) — Ao) (Sy — by) ey = 0. 
Escribed Circles. 
Opposite the vertex A. 
8°? + (8) — Cy)? y® + (8 — Do)? 2? — 2 (8) — bo) (8) — Co) YZ 
+ 25, (8) — by) 24 + 28) (8 — Co) cy = 0; ete. 
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10. EXAMPLE 1. 


To prove that all rectangular hyperbolas circumscribing 
the triangle of reference pass through the orthocentre. 


The conic Sye + gzet hay =O ..cccccccceeess (1) 
will be a rectangular hyperbola if (Chap. Iv, Art. 6) 
bye) cos Ay + 9e%, cos By + hayb, cos C, = 0, 
Le. if feot A,+gcot B,+heotC,=0 ......... (2), 
which is the condition that the orthocentre 
(tan A,, tan B,, tan C) 


lies on the conic (1). 


EXAMPLE 2. 


The locus of the centres of all rectangular hyperbolas 
passing through the vertices of the triangle of reference 1s 
the Nine-Pownts Circle. 


yz + gzu + hey =0 
will be a rectangular hyperbola if 


foot A,+gcotB,+heotC,=0 ...... (1). 
The centre of the curve is given by 
hy +gz=fetha=got fy wiccoccocee (2). 


Eliminating f, g, h between (1) and (2), we get 
2 (cot A,a? + cot By? + cot C2”) 
=(x+y +2) (cot A,x + cot By + cot C,z), 


which is another form for the equation to the Nine-Points 
Circle and can easily be verified by shewing that it passes 
through the feet of the perpendiculars and the mid-points 
of the sides and is thus uniquely defined. 
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11. To find the tangential equation to a circle having 
O= (a, y:, 2) as centre. 


We use the property of Projective Geometry that a 
circle having O for centre touches OI and OJ at J and J 
respectively. | 

Hence we must find the general tangential equation 
to all conics having double contact with the Point-Conic 
I; J at the points where it is met by the tangents to 
it from O, ie. the required circle will be of the form 
(Chap. 11, Art. 28) 


(la, 5 MY; + nz,)" + r (a,2l? + b,2m? + Con? = 2b.Co cos A,mn 
— 2c,a, cos Bynl — 2a,b, cos Colm) = 0. 


For various values of X the above equation may be 
considered as the general tangential equation to a series 
of concentric circles having O = (a, ¥;, 2) for centre. 


12. To find the tangential equation to a circle of 
radius p having O=(%, Yr, %) as centre. 


Cc 


Fig. 32. 
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By last article its tangential equation will be of the 
form 


(la, + my, + N2,)? =A (a,2l? + 5,2? + cn? — 2byc) cos Aymn 
— 2c,a, cos Bynl — 2a,b, cos C,lm)...(1). 


Let (x, 71, 2,) be actual areal coordinates. 

From O draw OWN perpendicular to AB meeting the 
circle in K (Fig. 32). 

Let the tangent at K be KP and let K =(a, yo, 2.) in 
“actual areal coordinates.” 

Then the equation to KP will be z= 2, 


1.e. De caus awadageeee: (2), 
1.€. BAY +21 —2g7)HO oo. eee eee (3), 
if we render the equation (2) homogeneous by means of 
e+yt+z2=1. 
The line (2) will touch (1) if 
(1 — 4,2, =” {a,? + b.? + co? (L — 2.7) 

— 2¢, (b, cos Ay + a cos B,) (1 — 2,7") — 2ayb, cos Ci}, 
Le. if | 

(1 — 22,71) = Ac? {1 +(1 — 2.7) - 2(1 — 2,7)} 


(since ¢,?= a,?+b,’— 2a,b,cos C, and c,=a,cos B,+5,cos Ao), 


2 
1.e. if r= (2-3) ’ 


Co 
es _(ON-KNY |. ON 
Le. if = aaa Va aay ee etc., 
i.e. if A= f. 
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Hence the required equation to the given circle is 
4A? (la, + my, + 12,)? = p? (a,2l? + bm? + ¢?n? 
— 2b,c, cos A,mn — 2¢,a, cos Bynl — 2ayb, cos C,lm). 
If we wish to remove the condition that a, y,, 2, be 
actual areal coordinates, we can write the equation thus: 
4A? (la, + my, + 2,)? = p? (a + Y + 2)? (a7? + by?m? + c,2n? 
— 2b,c, cos Aymn — 2c,1, cos Bynl — 2a,b, cos Cylm). 
13. The tangential equations to the most oft-recurring 
circles can be put down in the above form by first 
finding their centre, writing down the equation of Chap. Iv, 
Art. 11, and finding » by expressing the condition that the 


circle required touch some given line or satisfy some other 
suitable condition. The following are the most common: 


Inscribed Crrcle. 


cot ca ee Oy ee 2 Im = 0. 


2 2 
Escribed Circle (opposite the vertex A). 


A, Bb, 
cot y mn — tan ry 


Circum-Circle. 
A? (lsin 2A,+m sin 2B, + n sin 2C,) = (a,2l? + 62m? + ¢,2n? 
— 2b,c, cos Aymn — 2c,a, cos Bynl — 2a,b, cos C,lm). 


nl —tan lm =0. 


Polar Circle (ae. circle to which ABC is self-conjugate). 
tan A,/?+ tan Bym? + tan Cyn? = 0. 
14. To find the equation of the Radical Axis to two 
Circles. 
Taking the two circles in the form 
aryz +b22xe + cry = (x + y + 2) (t 2a + £,7y + t22), 

(a.?yz + bezx + cry) = (x + y +2) (ta + ty2y + ts 22) 
8—2 
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(Chap. 1v, Art. 8), we see on subtracting that they cut in 
the points where they are met by the lines 
(+ y+ 2)(t?— tt t3 - thy + t2—t,z) = 0, 


one of which is the equation to the Line at Infinity and 
consequently the other will be the Radical Axis. 


15. Foci. 


To find the general tangential equation to conics con- 
focal with a given conic X. 


Fig. 33. 


We use the property stated in Chap. tv. Art. 1, that if 
S be a focus of a conic, Sf and SJ will each touch the 
conic. Hence if we draw the four tangents from J and J 
to the conic 2 (Fig. 33) we shall get the four foci, and all 
conics confocal with & will therefore touch the four common 
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tangents to = and the degenerate point-conic J; J. Hence 
the tangential equation to any conic confocal with > must 
be of the form 


AL + (a,2l? + b,2m? + c,2n? — 2b,c, cos Aymn 
— 2c,a, cos Bynl — 2a,b, cos C,lm) = 0, 


by Chap. 1, Art. 28, Cor. I 


16. To find the general tangential equation to conics 
having two given points S,=(a%,%, 2%) and S,= (Ha, Y2, 22) 
as foct. 


We have to write down the general tangential equation 
to all conics touching the four common tangents of the 
two point-conics S,; S, and I; J, namely, 

(la, + my, + n2,) (larg + MYy2 + NZ) + A (a,27l? + b.2m? + C,2n? 
— 2b,c, cos Aymn — 2c,a, cos B,nl — 2a,b, cos Cylm) = 0. 

17. To find the general tangential equation to all 

parabolas having a given focus S,. 


In this case S, of last article is at infinity and we 
therefore have the equation of last article coupled with 
the condition | | 

Let Yet 22= 0. 


COROLLARY. 


(2, Y2, 22) will be the point of contact of the parabola 
and the Line at Infinity. 
18. EXAMPLE 1. 


To prove that the Nine-Points Circle touches the In- 
scribed Circle and the three Escribed Circles. 


Consider the Nine-Points Circle and the In-Circle. 
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We take in accordance with Chap. Iv, Art. 14, the 
Radical Axis of the two circles in the form 


(i, —— t,*) Hb; + (t,2 —_ t,?) ¥ + (¢; ie t;) a= 0, 


which for the above two circles is easily found to be 


oH + ¥y + @ OD 'scesiexecees()) 


by — Cy Co = Uo ly by i 


The line (1) touches the In-Circle 


cot 4" mn + cot "nl + cot Im = 0 ohaake (2), 


since 
A C, 
(by — Cy) cot oa + (Cy — ay) cot 3 + (a) — b)) cot 3 =0...(3). 


Hence since the Radical Axis touches the one circle it 
touches the other also. 


EXAMPLE 2. 


To show that the locus of the foci of all parabolas 
touching the three sides of a triangle 1s the Circum-Circle 
of the triangle. 


Taking the given triangle as triangle of reference, the 
parabola having (2,4, 2,) for focus and touching the line 
at infinity at (x, y2, 2.) will by Chap. tv, Art. 17, be 


(la, + my, + NzZ,) (lg + MY2 + NZ) 
+r (a,7l? + b,?m? + cn? — 2b,c, cos Aymn — 2c,a, cos Bnl 
— 2a,b, cos Cylm) = 0...(1), 
where Lat Yat y= O ceccececcseceevees (2). 


ATES 


» IV, Art. 14 the , 


orm 
t,’*) z= 0, 
‘found to be 


the one circle tt 


of all parabolas 
he Circum-Cirde 


of reference, the 
ouching the line 


Art. 17, be 


na 2WCot cos Bl 


*m) = 0...(1), 
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(1) will touch the sides of the triangle of reference if 
LyXy+rAZ=0, YYotAb?=0, 22+ AC? = 0...(3). 
Substitute from (3) in (2) for 2, y2, 2, and we get as 
the locus of the point (2, y, 2) 
Tot Dot, Cot 
Hy YY &F 


Le. the Circum-Circle. 


=0, 


EXAMPLE 3. 
To find the equation to the directrix of the parabola 
aa? + by? + c22? — 2bcyz — 2cazx - Qabry =0 ...(1). 


The directrix of a parabola may be looked upon as the 
locus of points the tangents from which to the parabola 
are perpendicular. 

Thus if O be a point and OP and OQ be the tan- 
gents therefrom to the parabola, and if OP and OQ 
harmonically separate Of and OJ, O will be a point on 
the directrix. 

Now if O be a point on the Line at Infinity, it 1s plain 
that the tangents from O to the parabola must be con- 
sidered as harmonically separating OJ and OJ, since one 
of the tangents coincides with OJ and OJ. Hence the 
Line at Infinity will appear as part of the locus. The 
tangents from the point (2,, y, 2) to the conic (1) will be 
(Chap. 11, Art. 3, Case ITT) 


(ater? + By, + 072.2 — 2bcy,z, — 2caz,x, — 2abax,y,) 
(ara? + b’y? + 22? — 2bheyz — 2caza — 2abxy) 
= {ax (ax, — by, — cz,) + by (— ax, + by, — cz) 
+ cz (— aa, — by, + cz,)}?...(2). 
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These two tangents will be perpendicular if (Chap. Iv, 

Art. 6) 

(a*x,? + b*y,? + 022,27 — 2bcy,2, — 2caz,x, — 2aba,y,) (a?a,? + b*D,? 
+ ¢7¢.7 + 2bcb,c, cos Ay + 2cac,a, cos B, + 2aba,b, cos CG) | 
= a,’a? (ax, — by, — cz,)? + b,°b? (— ax, + by, — cz,)° ) 
+ ¢°c? (— ax, — by, + c2,)? 
— 2beb.c, cos Ay (— aa, + by, — cz,) (— aan, — by, + c2;) | 
— 2cac,a, cos B,( — ax, — by, + c2,) (ax, — by, — c2;) 
— 2aba,b, cos C, (ax, — by, — cz) (— ax, + by, — c2,)...(8). , 

Now this equation must be the combined equation to 
the directrix | 


ba + MY ANZ =O .ercccccssceeeees (4) 
and the Line at Infinity 
xe+y+z=0, ! 
and must therefore be of the form : 
(le+my+nz)(@t+ty+z)=0 ......... (5) 
if we use the condition for (1) being a parabola. 
Hence, if we change 2, ¥,, 2, in (3) to the current 
coordinates x, y, z, then to find the coefficients of (4) we 
need only find the coefficients of 2, y*, z? respectively in 
(3), as we see on identifying (3) and (5). The directrix oun 
will therefore be 
ang 


acot A,x+bcot By +c cot Cyz =0. | 
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EXAMPLES. IV. 


1. Prove the following areal coordinates 
(1) Orthocentre = (tan A,, tan B,, tan C,). 
(2) Circumcentre = (sin 2A), sin 2B,, sin 20). 
(3) Nine-Points Centre = 
(a, cos By — C), by cos C, — Ay, Cy cos A, — B,). 


2. Hence shew that the Orthocentre, the Circum- 
centre, the Nine-Points Centre and the Centroid of a 
triangle are in the same straight line, the line of col- 
linearity being 

x cos A, sin B, — C,+ y cos B, sin C, — A, 
+zcos C,sin A, — B,=0. 

3. Prove that the internal bisectors of the angles of 

the triangle of reference are 


\! 
b= 
2. 
oo a 
ae J 
ay ~ by 


Hence shew that the three internal bisectors are con- 
current and find their point of intersection. 


4. Prove that the three external bisectors of the 
angles of the triangle of reference are 


aed 

by G 
Sa: 
“149 
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5. Hence shew that the three points, where the 
external bisectors of the angles of a triangle respectively 
meet the opposite sides, are collinear and find the equation 
to the line of collinearity. 


6. Prove that the three points, where the tangents 
to the circum-circle at the vertices of the triangle of 
reference respectively meet the opposite sides, all lie on 
the line | 


7. Prove that the equations to the three perpen- 
diculars from the vertices on the opposite sides are 
respectively 

xzcot A,=y cot B, 
y cot B, = zcot CG, 
z cot Cy = xcot Ay. 


8. Shew that the equations to the three perpen- 
diculars drawn through the mid-points of the sides are 


respectively 
sin(B—-O) 5 4 y 


sin A, mae 

sin((,- A.) , 
a pe ee 
Seilgicey eA yp) 


sin C, 
and prove from these equations that the lines are con- 
current. 


9. If A’, B,C’ be the poles of the sides of the triangle 
of reference with respect to the circum-circle, the equation 
to the circum-circle of the triangle A’B’C’ will be 

(a,2yz + 62x + cry) 
+ R? tan A, tan B, tan Cy (#+y + 2) 
(«cot A,+ y cot B, + 2 cot C,) =0. 


JINATES 


’€ points, where the 
triangle respectively 
and find the equation 


where the tangents 
S of the triangle of 
site sides, all lie on 


) the three perpen- 


opposite sides are 


the three perpen- 
ts of the sides are 


0; 
he lines are cot 
Jes of the triangle 


‘rele, the equation 
Y will be 


y+2) 
,+2cob (,)=0. 


| 


{ 


| 
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10. Prove that the lines 
x cot A,+ y cot B, + zcot C, =0, 
x cos A, sin (B, — Cy) + y cos B, sin (CG, — Ao) 
+ zcos C, sin (A, — B,) =9 
are perpendicular. 

11. Prove that the equation to the circle through 

A, B and the orthocentre is 
aeyz + 62x + c2cy = 2a,b, cos Oye (a + y +2). 

12. Prove that the equation to the’ circle which 
passes through the centres of the escribed circles of the 
triangle of reference is 

BoCot? + CoA oY? + Agby2? + (ay + by + Co) (Qoy2 + bozx + coxy) = 0. 

13. Prove that the normal at C to the circum-conic 
fyz + 92x + hey =0 
is 

gt ee OO eee 
agg — Ab cosC, f bz f — arb cos Cog’ 

14. Prove that the equation to the rectangular 
hyperbola circumscribing the triangle of reference and 
passing through the centroid is 

a, sin (By, — Q,) yz + by sin (C, — Ay) 2a 
+ c,sin(A,— B,) cy=0. 


15. Prove that the centre of the inscribed circle of a 
triangle lies on any rectangular hyperbola circumscribing 
the triangle formed by joining the centres of the escribed 
circles, (Pembroke etc.) 


16. A triangle is inscribed in a circle, and any point 
P on the circumference is joined to the orthocentre of the 
triangle. Shew that the joining line is bisected by the 
pedal line of the point P. | 
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17. J isthe centre of the inscribed circle of a triangle 
and I,, J.,, I, the centres of the escribed circles. Shew 
that I/,, IT,, II; are bisected by the circumference of the 
circum-circle. 


18. ABC is a triangle and J,, J, are the centres of 
the escribed circles which touch AC and AB respectively ; 
shew that the points B, C, I, J; lie upon a circle whose 
centre 1s on the circumference of the circum-circle of the 
triangle ABC, 


19. In a triangle ABC, I is the centre of the in- 
scribed circle; shew that the centres of the circles circum- 
scribed about the triangles BIC, CIA, AJB lie on the 
circumference of the circle circumscribed about the given 
triangle, 


20. The centre of the circle inscribed in any triangle 
self-conjugate with respect to a rectangular hyperbola lies 
on that hyperbola. 


21. The equation of the line through (2’, y,, 2’) 
parallel to (J, m, ”) 1s in areals 
x y Zz = 0). 
a’ y 2’ 


m—n n—-l t—-m 


22. The equation of the line through (2’, 7’, 2’) 
perpendicular to (1, m, n) is in areals 


x y Zz =0. 
a’ y’ 2’ 
ay (aol = Bo cos Com bo (bom — CgCOSs8 Aon Co (con -- Ag CO8 Bol 
— cocos Bon), — ag cos Col), — bcos Agm) 
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23. Shew that the locus of the centre of a conic 
which circumscribes the triangle of reference and touches 
the line 

lx+my+nz=0 
is Vix(—x+ytz)+Vmy(a—y +z) +Vnz(a+y—2)=0. 


(Peterhouse etc.) 


24. Shew that the areal coordinates of the centre of 
the rectangular hyperbola of a system of four-point conics, 
referred to their common self-conjugate triangle, are 
given by 

(b,22” = C7y’?) £= (c,2a:"? a a,22'*) y _ (a,?y’? = b,32’?) Zz, 


where (2, y’, 2’) are the coordinates of the points in areal 
coordinates. | (Clare etc.) 


25. Shew that the equations of the two parabolas 
circumscribing the triangle of reference, and touching the 
circumscribed circle at A are 


(by + &) yz + x (b22 + cy) = 0. 
(Clare etc.) 


26. A conic has its centre upon another conic and is 
inscribed in a triangle which is self-conjugate with regard 
to the second conic. Prove that if one of the conics is a 
circle, the other is a rectangular hyperbola. (Jesus etc.) 


27. Prove that the equation of the circle on the line 
joining the centre of gravity and the orthocentre of the 
triangle as diameter is 


3 (Qy)Bry + boya + coa8) 
= 2(acos A, + 8 cos B, ++ cos Cy) (aa + dB + vy) 


in trilinear coordinates. (Jesus etc.) 
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- 28. Shew that the lines joining the centres of the 
escribed circles of a triangle to the corresponding vertices 
of the pedal triangle are concurrent. (Pembroke etc.) 


29. A circle and a rectangular hyperbola meet in the 
four points A, B,C,D. The centre of the circle lies on AB. 
Prove that the centre of the rectangular hyperbola lies on 


CD. (Magdalene.) 


30. The sides BC, CA, AB of a triangle are cut by 
the internal bisectors of the angles in D, #, F and by the 
external bisectors in A’, B’, C’. Shew that A’B’C’, A’EF, 
BFD, CDE are all straight lines; and prove that the locus 
of the centres of conics circumscribing the quadrilateral 
A'B'ED is 

Cy(a? — B*) + y (aa — b,8) =0, 
a, 8, y being trilinear coordinates referred to the triangle 
ABC. (Trinity Hall.) 


31. Prove that the conics 
a, Vatand+b,VB tan d+c Vy tany=0, 
Pe PEST PMOL OTE ere PRN ee 
are parabolas if 
a, tand+b, tangd+ ce ag = 0 
and a, cot O + b, cot d +c cot p= 0, 


the coordinates being trilinear. (Pembroke.) 


32. Tangents, at the centres of the inscribed and 
escribed circles of a triangle, to the rectangular hyperbola 
passing through these centres meet in pairs on the sides 
of the triangle. (Clare.) 
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33. Prove that the trilinear (or areal) coordinates of 
any four points may be put in the form (+f, +g, +h). 
Find the equation of the rectangular hyperbola through 
these four points. (King’s etc.) 


34. Shew that the centre of any conic passing through 
the angular points of the triangle of reference and the 
centre of the inscribed circle lies on the conic whose 
equation 1s | 
aya? + b,8? + coy?—(bo + Co) By — (Co + Ao) ya — (Ao +) a8 = 0, 
the coordinates being trilinear. (Corpus etc.) 

35. From a fixed point two secants are so drawn to 
a fixed conic that the four points of intersection lie on a 


circle. Shew that the locus of the centre of the circle is 
a straight line and determine its position. (Trinity.) 


36. If the equation of any conic referred to trilinear 
coordinates be 


"P47 
shew that the equation to its director circle is 
a(ut+w) +B (wtu)ty (ut v) 
+ 2uBry cos A, + 2vya cos B, + 2waB cos C, = 0. 
(Clare etc.) 
37. Prove that the diameter of the conic 
ue? + vB? + wy’ =0, 
which bisects chords parallel to 
| la+mB+ny=0, 
is ua(me — nby) + vB (nay — Ley) + wy (lb, — may) = 0 


in trilinear coordinates. 
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38. Shew that the common chord of the conic 
yz + 22+ cy=0 
and its circle of curvature at the angular point A of the 
triangle of reference has for its equation 


y (a? — Co) +2 (a? — b,?) = 0, 
the coordinates being areals. (Corpus etc.) 


39. If the tangent at A to a circum-conic of the 
triangle ABC meet BC produced in K, find the equation 
of the conic which touches AC and AK at their middle 
points and also touches CK: and shew that the polar of 
K with respect to this conic 1s 


Agdya + (20,7 — b,?) B + bocyry = 0 


in the case when the circumscribing conic is a circle, the 
coordinates being trilinear. _ (Pembroke.) 


40. Theangular points A, B, Cofa triangle are joined 
to any point O, and OA, OB, OC meet the opposite sides 
in a, 8, y. Shew that if the conic through a@y and the 
middle points of the sides of the triangle ABC be a 
rectangular hyperbola, then O lies on the circle round 
ABC. (Clare etc.) 


41. Assuming that the centroid, the orthocentre, the 
centres of the circum-circle and the nine-points circle of 
the triangle of reference ABC, lie on a straight line, prove 
that its areal equation is 

2. p2 2.72 

en) cos A gx + “eae cos By + 
0 


0 


2_ fa 
a? — by cos Cz = 0. 
Co 


Shew also in any way that this straight line passes 
through the four corresponding points for the triangle 
DEF, where D, E, F are the middle points of the sides of 
the triangle A BC. (Peterhouse etc.) 
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42. Three conics have respectively as foci the points 
Band C,C and A, A and B. Prove that the point of 
intersection of the two common tangents of any two of the 
conics lie upon a side of the triangle ABC and that the 
three such points of intersection are collinear. 


(Clare etc.) 


43. Shew that the trilinear equation to the ellipse 
through B and C which has one focus at the angular 
point A of the triangle of reference ABC and the other 
focus in BC is 

at sint 3° + By + ya + 96 = 0. 
(Jesus etc.) 

44, Shew that if the coordinates be trilinear the 
two lines 

{by (wu — w'u) a+ a, (vw’ — v'w) B} (ao + 5,8) 
= (uv —wu'v)c,aB 
are parallel to a pair of conjugate diameters in each of 


the conics 
ua? + vB? + wy? = 0, 


wa? + vB? + w'y = 0. 
45. If az? + by? +cz? = 0 be a parabola, prove that 
1 1 1 


abo a 


and that the equation to its directrix is 
a (bb, + cc,”) x + b (cc,? + aa,?) y + ¢ (aa,? + bb,?) z =0. 


The centre of the circle circumscribing every triangle, 
self-conjugate with regard to a parabola, lies on the 
directrix. 
M. 9 


130 HOMOGENEOUS COORDINATES 


46. Shew that the directrix of the parabola which 
touches the four lines (J, +m, +7) is in trilinear co- 
ordinates 


a ~—— ————— 
= (bo? — ¢,? 2? — a,? m? — n?) + similar terms = 0. 
0 


47. The orthocentre of any triangle circumscribing a 
parabola lies on the directrix. 


48. The locus of the foci of all parabolas self-con- 
jugate with respect to a given triangle is the Nine-Points 
Circle. 


49. Prove that the directrices of all parabolas 
touching three given lines are concurrent. 


50. Through any point on the polar of P with 
respect to a rectangular hyperbola two chords are drawn, 
each subtending a right angle at P. Prove that the 
chords are at right angles. (Clare etc.) 


51. Shew that all conics, which have a given direction 
of axes and to which the triangle of reference is self- 
conjugate, pass through four fixed concyclic points. 


(Jesus etc.) 


52. The director circles of all conics touching four 
straight lines have a common radical axis which is the 
directrix of the parabola of the system. 


53. Shew that the point of intersection of the two 
common tangents of a conic and an osculating circle lies 
on the confocal conic which passes through the point of 
osculation. 


THE CIRCULAR POINTS AT INFINITY 131 


54. If the foci of a conic inscribed in a triangle lie 
on a rectangular hyperbola through the vertices of the 
triangle, prove that the line joining the foci passes 
through the circumcentre. (Math. Tripos.) 


55. Each of three hyperbolas touches the other two 
and each has for its asymptotes two of the sides of a 
given triangle; prove that the three tangents drawn at 
the points of contact of the hyperbolas meet in a point. 

(Peterhouse.) 


56. Prove that the locus of the focus of a parabola 
touching two fixed straight lines and whose axis passes 
through a fixed point is a rectangular hyperbola. 

(Trinity.) 


57. A’, B’, C’ are the middle points of the sides BC, 
CA, AB ofa triangle and A”B’C” is the triangle formed 
by the tangents B’AC”, C”BA”, A”CB” to the circle 
circumscribing ABC. Shew that the six points of inter- 
section of the non-corresponding sides of the triangles 
A’B'C", A” B’C” lie on a conic. (Trinity.) 


58. From a fixed point a chord PQ is drawn to a 
parabola and a circle is described on PQ as diameter 
meeting the curve again in two new points P’, Q’. Shew 
that the chord P’Q’ passes through a fixed point. 

(Trinity.) 


59. Ifa quadrilateral be inscribed in a circle, one of 
the three diagonals of the quadrilateral passes through 
the focus of the parabola touching its four sides. 


(Queens’.) 


9—2 
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60. Let a, 8, y be trilinear coordinates and let 
Ay, bo, ¢& be the lengths of the sides of the triangle of 
reference. Prove that the coordinates of the foci of the 


ellipse 
Ay by Cy 


are respectively proportional to 

Ge % b arg by oa 

by’ Cy Gy Cy a’ by 
(Trinity.) 
61. If the axes of two parabolas, each touching all 
the sides of a triangle, intersect at right angles, prove 
that their point of intersection lies on the circumcircle 
of the triangle. (Jesus etc.) 


62. Find all the common tangents of the conics 
y°=4ze and 22=4xy and shew that, if the conics have 
a common focus, the triangle of reference must be equi- 
lateral. (St John’s.) 


63. From a point P perpendiculars PD, PE, PF are 
drawn to the sides BC, CA, AB respectively of a triangle 
ABC. If P has been chosen in such a way that AD, BE, 
CF meet in a point Q, prove that PQ passes through a 
fixed point R; and the line joining # to the orthocentre 
of ABC is bisected by the circum-centre. (St John’s.) 


64. If a, 8,¥ are ordinary trilinear coordinates and 

r, #, v the corresponding tangential coordinates, prove that 
By+ya+a8 =0, 

(1 —cos A,) wy + (1 —cos By) vA+ (1 — cos G) Aw =0 
are confocal; and that in all there are just four such pairs 
of confocals for which the triangle of reference is a circum- 
inscribed triangle. (St John’s.) 
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65. Shew that, if the triangle of reference be equi- 
lateral, the locus of the foci of conics which touch the four 
lines 

le+my+nz=0 
is (in either areal or trilinear coordinates) 
2 (22 + m? + n?) xyz 
= (Fa? (a@—y—z)+ my? (y—2z—2) +2? (2-2 —-Y). 
(Clare etc.) 

66. The three perpendiculars of a triangle are divided 
in any given ratio A, and from the three points of division 
perpendiculars are drawn on the non-corresponding sides. 
Prove that the six feet of these perpendiculars lie on a 
circle. Shew also that as » varies, this circle envelopes a 
conic having double contact with the circum-circle of the 
triangle, and that the centre of the circle moves on a 
fixed straight line. (Clare etc.) 


67. <A rectangular hyperbola circumscribes a triangle 
ABC, and passes through one focus of a conic inscribed in 
the triangle. Prove that the centre of the rectangular 
hyperbola lies on the auxiliary circle of the inscribed 
conic. (St John’s.) 


68. If ABC be the triangle of reference in trilinear 
coordinates, and PD, PE, PF the perpendiculars from P 
on the sides BC, CA, AB respectively, find the co- 
ordinates of D, EH, F in terms of the coordinates of P, 
and find the locus of P when AD, BE, CF are concurrent. 

If D, E, F lie on la + mB + ny =0, then shew that 
l m 
lt —m cos G—ncosB,* m—ncos A, —l cos Cy 
" : n _ 
n—tlcos B, — mi cos A, 
and interpret this result. (St John’s.) 


1=0, 
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60. Let a, 8, ¥ be trilinear coordinates and let 
dy, 5), C be the lengths of the sides of the triangle of 
reference. Prove that the coordinates of the foci of the 


ellipse 
Qo by Co 


are respectively proportional to 


(Trinity.) 


61. If the axes of two parabolas, each touching all 
the sides of a triangle, intersect at right angles, prove 
that their point of intersection les on the circumcircle 
of the triangle. (Jesus etc.) 


62. Find all the common tangents of the conics 
y=4zxe and 22?=4xy and shew that, if the conics have 
a common focus, the triangle of reference must be equi- 
lateral. (St John’s.) 


63. From a point P perpendiculars PD, PE, PF are 
drawn to the sides BC, CA, AB respectively of a triangle 
ABC. If P has been chosen in such a way that AD, BE, 
CF meet in a point Q, prove that PQ passes through a 
fixed point A; and the line joining R to the orthocentre 
of ABC is bisected by the circum-centre. (St John’s.) 


64. If a, B,y are ordinary trilinear coordinates and 

r, #, v the corresponding tangential coordinates, prove that 
By+ya+aB =0, 

(1 — cos A,) py + (1 —cos By) vA+ (1 —cos G) Aw = 0 
are confocal; and that in all there are just four such pairs 
of confocals for which the triangle of reference is a circum- 
inscribed triangle. (St John’s.) 


THE CIRCULAR POINTS AT INFINITY 133 


65. Shew that, if the triangle of reference be equi- 
lateral, the locus of the foci of conics which touch the four 
lines 

let+myt+nz=0 
is (in either areal or trilinear coordinates) 
2 (2 + m? + n?) xyz 
= (Fa? (a@— y — 2) + my? (y— 2-2) + n'2? (2-2 —-y). 
(Clare etc.) 

66. The three perpendiculars ofa triangle are divided 
in any given ratio X, and from the three points of division 
perpendiculars are drawn on the non-corresponding sides. 
Prove that the six feet of these perpendiculars lie on a 
circle. Shew also that as ) varies, this circle envelopes a 
conic having double contact with the circum-circle of the 
triangle, and that the centre of the circle moves on a 
fixed straight line. (Clare etc.) 


67. <A rectangular hyperbola circumscribes a triangle 
A BC, and passes through one focus of a conic inscribed in 
the triangle. Prove that the centre of the rectangular 
hyperbola lies on the auxiliary circle of the inscribed 
conic. (St John’s.) 


68. If ABC be the triangle of reference in trilinear 
coordinates, and PD, PE, PF the perpendiculars from P 
on the sides BC, CA, AB respectively, find the co- 
ordinates of D, #, F in terms of the coordinates of P, 
and find the locus of P when AD, BE, CF are concurrent. 

If D, £, F lie on la+mB8+ny=0, then shew that 
i m 
l —mcos G—ncosB,* m—ncos A, —l cos C, 
3 n . 
n—tcos B,—mcos A, 
and interpret this result. (St John’s.) 


—1=0, 


CHAPTER V 
PARAMETRIC REPRESENTATION 


1. Homogeneous Coordinates. 


In Homogeneous Coordinates we deal with Coordinates 
which are respectively known constant multiples of the 
Areal Coordinates. 

Thus if (x, y, z) be the “actual areal coordinates” and 
(E, », €) some form of Homogeneous Coordinates, then we 
can transform from the one system to the other by means 
of the following formulae : 


E = px, 
n= dy; 
C=rz, 


where p, g, 7 are known constant multipliers and thus 
define the system of Homogeneous Coordinates under 
consideration. 


N.B. Areal and Trilinear Coordinates are merely 
particular cases of Homogeneous Coordinates, 
The following propositions will be evident : 


I. The identical relation connecting £, 7, ¢ in the 
case of the above system of Homogeneous Coordinates is 
oy yoy, 

Pog 
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II. The equation of the Line at Infinity is 


III. The equation of a straight line is of the first 
degree in the homogeneous coordinates. 


IV. The equation of a conic is of the second degree in 
the homogeneous coordinates. 


V. Tangential coordinates are transformed thus: 
The line la+ my + nz=0 
in areal coordinates becomes 


l m n 
~£+—+-f=0 
p* q’ ré 


In homogeneous coordinates. | 
Hence if we denote the tangential coordinates of a line 
in homogeneous coordinates by 2, pw, »v we see that 


Thus the equation of a point rs of the first degree in 
r, #, v in homogeneous tangential coordinates. 

The equation of a conic is of the second degree in 
r, M, v in homogeneous tangential coordinates. 


VI. The formulae for tangents, poles and polars are 
of the same form in homogeneous coordinates as in areal 
coordinates. 

VII. The pairs of lines 

af? + 2yEn + Bn? = 0 
and aE? +4 Qny'En + B’n? = 0 
will harmonically separate each other if 
aB’ +a’B = yr’. 
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For changing into areal coordinates the lines become 
aps? + 2ypgay + Bq"y? = 0, 
a'p'a? + 2y'pgay + B’G?y? = 9, 
and these will harmonically separate each other if 
aP'pg? + a pg? = 2yy pg’, 
Leif a8’ +a’ B= 2ryry’. 
2. Complete Quadrangle. 


Canonical Form for four points in Homogeneous Co- 
ordinates. 


We have seen (Chap. 1, Art. 18) that the Canonical 
form for four points in Areal Coordinates is 


(2, y, 2’); (— a, y; z); (2, a y’, 2’); (2, y, —z). 
Take as homogeneous coordinates the system in which 


p== y ane 


= x’ | yf ’ 7 
and the four points become 
(1,1, 1); (—1, 1,1); G,-1, 1); G, 1, -1). 


3. Complete Quadrilateral. 


Canonical Form for four lines in Homogeneous Co- 
ordinates. 


By Chap. I, Art. 19, we can in Areal Eee a take 
four lines in the form 
lz+ my +nz=0, 
—lx+my+nz=0, 
le-—my+nz=0, 
le+my—nz=0. 
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Choose the system of Homogeneous Coordinates in 
which £=lz, 7 =my, £=nz and our lines become 


E+n+0=0, 
E+n—-C=0. 


Hereafter we shall use (z, y, z) to denote Homogeneous 
Coordinates unless otherwise stated. : 


4. Consider the formulae 


«=f (t), 
y = (2), 
z= (2). 


If we assign various values to ¢, we shall get a series of 
values for x, y, z and these we can represent by points 
with respect to some triangle of reference. If we let 
t vary over all values, the point (a, y, 2) will describe 
some curve. If f, ¢, y denote algebraic polynomials in ¢, 
then to every value of ¢ will correspond one and only one 
value for each of «, y and z respectively. Hence corre- 
Sponding to an assigned value for ¢ there will be one and 
only one position of the point (a, y, z) on the curve, and 
we may therefore briefly refer to the Point =t. 

t is called the Parameter of the point. 


5. To find the Parametric Equations to a Conte. 

Let P and @ be two points on the conic and let the 
tangents at these points meet in 0. 

Then the equation to the conic will, by Chap. 11, 
Art. 12, Case II, be of the form 


(ly + Moy + 92)? = (ha + my + 7,2) (le + my + 72)...(1), 
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1, + my + 2 = 0 is the equation to PQ, 
OP, 


OQ. 


where 
Lat my +nz=0 3 : 
lc + my + nz =0 ‘ 3 
We may write (1) thus 
Lo + Moy + M2 _ loa + my + oz _ 
Latmytnz Letmytnez — 


Hence 
cL RL LI Sy OR) 
; me 7 es - 5 C2); 
La + MoY + NoZ = kt, 


La+ my +z =k, 
Ln + Moy + nz = kt’, 
and on solving we get 
X= Al? + Zayt + ae, 
y = bot? + 26,¢ + 6, 
Z= Ct? + 2e,t + Cc. 


Hence every conic can be thus represented. 


6. Conversely the set of equations 
L = Al? + 2at + ap 


Y= byt? SE 2b,t + b, errr rere ee re (1) 


Z2= Cot? + 2c,t + Cy 
represents @ conic. 
For this curve meets any straight line 
lat MY ANZ=O ciccccccseeseeonee 


in values of ¢ given by 
U (at? + 2a,t + ao) + m (b,t? + 26,¢ + b.) 


+n (et? + 2¢,¢+c.) =9... 


that is in two points, since (3) 1s a quadratic. 
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COROLLARY. 
L=T, 
y = 2t, 
z=1l 


is the conic y* = 4az which touches BA at A and BC at C. 


7. To find the points in which the conic 
t= Apt? + 2ayt + A, 


Y = del? + 2Dyt + Dy veeeseeseeees seed) 
Z=OC,l? + 2e,t + C, 
cuts the curve LAG U2 =O” asnivevveasiceeas (2). 


If we substitute from (1) in (2), we get the points 
whose parameters are given by 


F (ag? + Qayt + de, Dy? + 26,6 + by, cof? + 2c,t +c.) = O. 
8. To find geometrical interpretations for the roots of 
the three quadratic functions of t, in 
x = At? + Za,t + de, 
y = bit? + 20,t + ba, 
2=C0°+ 2c + c. 
This conic will cut BC, 1e. «=0, in points whose 
parameters are given by 


at? + 2a,t+ a, =0, 
and so for the others. 


COROLLARY. 
In the case of the conic 
c=ut +, 
y = bt? + 2b,t + bo, 
—2= 60 + 2ct + Ca, 


enn id v 
_ the curve cuts BC in points whose parameters are — : and © , 
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9. To find how the curve is situated relative to the 
triangle of reference. 

Find the parameters of the points in which the conic 
cuts the three sides of the triangle of reference and thence 
calculate the point coordinates of the points of inter- 
section. We shall thus in general get the coordinates 
of six points on the curve very conveniently and only 
five are necessary to uniquely define the conic. 

10. EXAMPLE, ~ 

To draw the come 


x=t(t —2), 
y=t(4—-6),. 
z=1, 


Draw the conic cutting the sides of the triangle of 
reference in the most general way and then insert at the 
points of intersection the values of the parameters (Fig. 34). 
We thus get the following diagram : 


Cc 


Fig. 34. 
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Hence plainly the curve must take up the following 
position (Fig. 35). 


C 


Fig. 35. 


11. To find the equation to the chord joining the points 
t, and t,. 


The line will be 


: y gk 10, 
At;? + Qa + a, Ot? + 20+6, et? + 2qt, + c 
Agta? + Zayt,+ a. Oot? + 2Oite+ b, Coty? + 2c,t, + Ce 


which, on expanding and dividing out the factor #, — 4, we 
get in the form 


{2 (bec — DyCp) tyty + (Boca — boty) ty + te + 2 (b,c, — b,¢,)} a 
+ {2 (cy, — C10) tite + (Cote — Coy) ty + ty + 2 (CA, — Cy)} ¥ 
+{2 (ayb; — aybp) tate + (Ad, — Gado) ty + te + 2 (a,b, — agb,)}2=0. 
12. To find the tangent at the pownt t. 
Put ¢, =¢,=¢ in the formula of Art. 11 and we get 
8 (DiC, — BiCy t + byCo — BaCy t + B16, — B20) 
+ Y (Cody — Cy #? + Colly — Cy0ty t + C10 — C0) 


+ 2 (ab, = a,b, i + Abs — Anh, t + a,b. a a.b,) = 0. 
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COROLLARY I. 


The line coordinates 1; m; n of the tangent to a conic 


can be expressed as quadratic functions of the parameter t 
of the point of contact. 


Coro.uaRy II. 


If we render homogeneous the expressions for x, y, 2 in 
terms of t by means of 


t=1 (eg. = at? + 2a,tt’ + at’), 


the above equation to the tangent may be more eastly 
remembered in the form 


ey z |=0. 


an ay ae 
ot ot at 
an dy ae 
of a a 


13. To find the pole of the chord joining the points t 
and t.. 


The tangent at the point ¢, is seen from last article 
to be 
x y Z =0 ...(1). 
Ah+a, Oh+b Cht+a 
Ghta, bh+b, ah+e 
Hence the point 


(dotite + Art, + ty +g, Dott, + Dit + ty + by, Cotte + City + & + C2) 


or as it may be written 


(Aol + Ahl, + Al, + de, bot, + Dit. + byt, + b2, Coby + Cite + Qt + C3) 
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plainly lies on the line (1) as may be seen if we substitute 
from (3) in (1) and note that then the top row is obtained 
by multiplying the constituents of the second row by ¢, and 
adding to the corresponding ones of the third row. The 
determinant will thus identically vanish. 

Hence the point (2) lies on the tangent at the point 4. 

Similarly the point (2) lies on the tangent at the 
point t. 

Hence the point (2) must be the pole of the line 
joining the points ¢, and ¢,. 


N.B. To write down instantaneously the pole of the 
line joining t, and t,, in the general parametric expressions 
for x, y, 2 change t into tt, and 2t into t, + ty. 


14. Jf a triangle of reference be assigned, we can so 
choose our formulae of parametric representation that three 
assigned points on a conic shall have three assigned para- 
metric values. 


Let the given conic be parametrically represented so 
that 
P = (ao? + 2ayt +g, Dot? + 2b,¢ + b,, cot? + 2c,¢ + c,)...(1) 


is any point on it. Let P,=t4,, P,=t, P,=t, be the 
three assigned points which we wish to be represented by 
the parametric values 7,, 72, T; respectively. 


i cos TT) _ t — t, 
Let eer setae ypeeeaseudaes (2). 
Then plainly when 


t=t,,...7T=7; and whent=fy, .°. T=T7,. 


Choose 2 to satisfy 


144 HOMOGENEOUS COORDINATES 


T—-T] §-h t-h m-T% 


giving ae (4), 
Hence (4) gives ¢ in terms of r in the form 
psveag 
rr+s- 


Hence substituting in (1) and clearing of fractions — 
we see that P can be represented by means of quadratic 
functions of r such that when 

t=h, te, ts, 

T= 71, T2, Ts; 
where the points P,, P,, P,; were previously assigned and 
the three parameters 7,, T,, T; respectively representing 
them were also previously assigned. 


15. To find the parametric equations to a Circum- 
Conve. 

In virtue of Art. 14 let us assign to the points A, B,C 
the parameters 0, ©, —1 respectively. Then, by Art. 8, 
*2=a(t+1), y= bt (t+1), z=ct, or using the homogeneous 
coordinates in which x=a€, y = bn, z = c€, we get 


&=(t+ 1), 
n=t(t+ 1), 
C=. 


16. To find the parametric equations to an inscribed 
conic. 

Let the conic touch BC at D, CA at E and AB at F, 
and let the parameters of D, E, F be 0, 0, —1 respec- 
tively. 

Then reasoning as in last article we get 

r=, 
y=1, 
z=(t+1). 


PARAMETRIC REPRESENTATION 145 


17. To find the parametric equations to a conic with 
respect to which the triangle of reference 1s self-conjugate. 


Using suitable homogeneous coordinates, let the conic be 


“+ y= 2% 
| 2a 
rae cosy siny 1 
will satisfy this conic, 
ee 


cost — sin? Me 2 sin nd kd 


Zz 
EE TL 
ite pe lie = 2 7 20 
9 cos 9 cos 5} + sin 5 


Le. if t= tan ¥ we may take 


5? 
c=1-—f, 
y = 24, 
e=1+F, 


18. To find the parametric equations to a conic 
touching CA at A and CB at B. 


Let the parameters of A and B be 0 and o respectively. 


a=l1, 
y=, 
= 2. 


19. Tangential parametric equations. 
If we take the conic 
l= A,t?+2A,t + Ag, 
m = Bot? +2B,t+ B,, 
n=C,t?+ 2C,t4+ C,, 
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— T—-7, (,-6 t—t T-T% 
Biving tT—7T, t -t, t—t, T3—Te 
Hence (4) gives ¢ in terms of + in the form 


rape Alba | 
Tr +s) 


Hence substituting in (1) and clearing of fractions _ 


we see that P can be represented by means of quadratic 
functions of r such that when 

t=t, hy, bs, 

T=T\, Ta, T3; 
where the points P,, P., P; were previously assigned and 
the three parameters 7,, 7, Ts; respectively representing 
them were also previously assigned. 


15. To find the parametric equations to a Circum- 
Conic. 

In virtue of Art. 14 let us assign to the points A, B, C 
the parameters 0, 0, —1 respectively. Then, by Art. 8, 
2x=a(t+1), y= bt (t+1), z=ct, or using the homogeneous 
coordinates in which «=a, y = bn, z =c€, we get 


E=(t+ 1), 
n=t(t+1), 
C=. 


16. To find the parametric equations to an inscribed 
conte. 


Let the conic touch BC at D, CA at # and AB at F, 
and let the parameters of D, EH, F be 0, 0, —1 respec- 


tively. 
Then reasoning as in last article we get 
r= et, 
y=1, 


z=(¢+1) 
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17. To find the parametric equations to a conic with 
respect to which the triangle of reference is self-conjugate. 
Using suitable homogeneous coordinates, let the conic be 
V+ y? = 2°, 
nee ae = a “i 
will satisfy this conic, 


. x 2 

1.e. —— => = ee 
von ¥ Te ae Ses ad 

cos? 9 sin? 9 2 sin g COS ZG C08" G5 + sin 9 


Le. if ¢= tan ¥ we may take 


9? 
a=1—?, 
y = 2t, 
e=14+F. 


18. To find the parametric equations to a conic 
touching CA at A and CB at B. 


Let the parameters of A and B be 0 and o respectively. 


a=1, 
y=t, 
Z= 2t. 


19. Tangential parametric equations, 


If we take the conic 
L=At?+2A,t + Ag, 
m= Bf?+2Bt+ B,, 
n=C,t?+ 2Cit+ C,, 
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we see at once that 

Af? +2A,t+A,=0 
gives the parameters of the points of contact of the two 
tangents from A to the conic. 


20. To find how the Curve is situated relatively to the 
‘triangle of reference. 

Find the parameters of the points of contact of the 
tangents drawn to the conic from the vertices of the 
triangle of reference and thence calculate the line co- 
ordinates of these tangents. We shall thus in general 
get the line coordinates of siz tangents to the conic and 
only five are necessary to uniquely define the conic. 


Q1. EXAMPLE. 


To draw the conic 


l=?, 
m=t+1, 
n=t(t+1). 


Draw the figure as for the general case and insert the 
values of the parameters of the points of contact of 
tangents drawn from A, B, C' respectively. 

We thus get (Fig. 36) 


Cc 


Fig. 36. 
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All these parametric values can only be satisfied by 
the conic taking up a position thus (Fig. 37): 


Cc 


Fig. 37. 


22. To find the tangential parametric equation to a 
Circum-Conic. 


Fig. 38. 


Let the parameters of A, B,C be 0, 0, —1 respectively 
(Fig. 38). 
Hence we see from Chap. v, Art. 19, that 


= {?, 
m=l, 
n = (t+ 1), 


if we choose suitable Homogeneous Coordinates. 
10—2 
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23. To find the tangential parametric equation to an 
Inscribed Conic. 


A F B 
Fig. 39. 


Let the points of contact of the conic with the sides of 
the triangle of reference be D, E, F, and let their 
parameters be 0, 0, — 1 respectively (Fig. 39). 


Then =t+1, 
m=t(t+1), 
n=t. 


24. To find the tangential parametric equation to a 
conic with respect to which the triangle of reference ts 
self-conjugate. 

Taking the conic in the form 


1? + m? = n?, 
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we may prove exactly as in Chap. v, Art. 17, that the line 
coordinates may be parametrically represented thus 


l=1-—#, 
m = 2t, 
n=14+f. 


25. To find the tangential purametric equation to a 
conic touching CA at A and CB at B. 


Taking the parameters of A and B as o and 0 re- 
spectively, we get 


l=1, 
m= ft, 
n = Qt. 


26. EXAMPLE lI. 


The reciprocal of a conic is a conie. 
Take the conic to be reciprocated as 


zal 
ae MC ee (1), 
2=2t 


and let the conic of reciprocation be 
ax? + by? + cz? + 2fyz + 2gza+2hay=0 ...(2). 
Then the polar of the point P =¢ on the conic (1) with 
respect to the conic (2) is 
(ax +hy + gz) + (ha + by + fz) +2 (ga +fy +c2z)t=0, 
which envelopes the conic 
(gx + fy +cz) =(ax+hy + gz) (ha + by + fz) =0. 
EXAMPLE 2. 
A conic touches CA at A and CB at B. Sisa variable 
point on the conic and the tangent at S meets CB in Q and 


CA in R. Prove that the locus of the intersection of AQ 
and BR 1s a conve. 
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Take the conic in the form 
a=1, y=, 2=2t. 
The tangent at t will be 
s+ y—a2t= 0. 

The equation to AQ will be, therefore, 

y — 2t=0. 
The equation to BR will be, therefore, 

at -z=0. 
Hence the locus of the intersection of AQ and BR will be 

xy = 2, 

EXAMPLE 3. 


Two conics touch at A and B. P ts a variable point on 
the first. PA meets the second in Q and PB meets the 
second in R. Prove that QR envelopes a conic. 


Let the first conic be 


Ke 20 SO seictecaciiaeienweas (1). 
Let the second conic be 
C1, YeG: BH 2b. cccscesciiess (2). 
Let Q=t, and R=t. 


Hence the line coordinates of the line QR will be 
given by 


(Qitr, 2, — tt ty) ...ceccceccceeeee (3). 
Now the equation to AQ is 
ZY Ge asietunvncsetiencaters: (4), 


and the equation to BR is 


2t.0 = Z, 
Hence the point 


P 3 (\, tite, Qty) seseccsercceseeees (5). 
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But P lies on the conic 


kz? + 2ay =0. 
Hence yA 7 ee og _ 0 eee eee ae (6). 
Thus the line coordinates of QR will be from (3) 
b= — 4kt.?, 
m= 2, 
n=(2k-—1)b6, 


which is a conic touching the others at A and B also. 
27. To prove that the cross-ratio of the four rays 
v= Py; 
B= dy; 
L=Try, 
x= Sy, 
passing through C, is =[pqrs]. 


Let these rays cut AB in the points P, Q, BR, S 
respectively. 


Then, as proved in Chap. I, Art. 17, 


eg i ee ar 


Hence 


_ PQ.RS_(AQ-AP)(AS — AR) 
LPQRS] = py-RO = (AS— AP) (AQ—AR) 


(4-59) (Sa -) 
_\qt+l_ pti stl r+l 

1 1 1 1 
fro meres Leet ares | 


_ (P- 9) (r—8) 
(paa)(rag) tee (2) 


= (NOTE. asesticns cinerea seee enue (3). 
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28. If the two lines 
L, = la + my + nz=0, 
L, = lv + my + Nez = 0 


meet in O and tf L,+ pL, L,+qL., L,+7rL,, L,+sL, be 
four lines through their point of intersection, then the cross- 
ratio of these four lines will be equal to [pqrs]. 


Let the given four lines meet AB in the points P, Q, 
R, S respectively. 
The equation to CP will be 


(1, + pl.)  +(m, + pm.) y = 0, 
which may be written in the form 


Mm, + pm, 
L+ pls J 


and so for the others. 
Hence the cross-ratio of the given pencil of four lines 


=[(PQRS] 
es | _ ™, +pm, 
lL, + ply ” 
(by last article) 


™m, + QM, _ m+rm, _ ™m +5m, 
L+ql, ’ L+rl, ’ l,+sl, 


_ Mm + pm, Mm +qm, Mmt+rTm, Mm+S8M, 

= ( l, + pl, t, + ql, ) ( 7 + rl, = ea, 

i _m+pm, | m+sm, Mm+rm, m+ gm, 
( l, + pl, l, + sl, Gu l, + ql 


_(p-g(r-8) 
(p —s)(r—-q) 
=([pgqrs], 


as can be easily found if we multiply out and cancel. 


~ 
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29. Cross-ratio Property of a Conic. If P,, P., 
P,, P, be four fixed points on a conic and O a variable 
point also on the conic, then the cross-ratio of the 


pencil O[P,P,P,P,] is constant for all positions of O 
on the conic ™, 


The constant cross-ratio subtended by the four points 
t, te, ts, t, at any point on the conre 


c=a,t? + 2a,t+ do, 
y = bt + 2b,t + b,, 
z=6l+2ct+c 
us equal to the cross-ratio of their parameters, 1.e. = [t,ttst,]. 
Since the cross-ratio subtended by four points on a 
conic at any point on the conic is constant, we may 
consider the cross-ratio subtended by t, 2, ts, t, at the 
point t= 0. 
Let the point t=0 be O, P,=¢, ete. 
Then the equation to OP, is (Chap. v, Art. 11) 


x y 2 =, 
Ah; + 2a +a, dt? +2bt,4+6, et? + 2et +c 
Ae b, Co 


1.e. subtracting the third row from the second and can- 
celling t, 


! x y Zz = 0. 
Apt, + 2a, bt, +20, col + 2c, 
A, b, Co 


Hence the equation to OP, will be 
b, {(boCo — Bylo) a + (Coe — Coy) Y + (Ad, — Aeby) 2} 
= 2 {(b.c, — byC,) & + (C24, — C2) ¥ + (aad, — a,b.) 2}, 
1.e, LD, =2L,, 
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where L,=0 and L,=0 denote the equations to two fixed 
lines. So for OP,, OP;, OP,. 

Hence the equations to the four lines OP,, OP,, OPs, 
OP, have been found in the form of Chap. v, Art. 28, 
1.e. the cross-ratio 

O[P, P.P 3 P4] = [ttetsts], 
as proved in that Article. 


30. EXAMPLE ]. 


If P,; P, and Q,; Q, be two pairs of points on a conic 
such that if O be any point on the conic OP, and OP, 
harmonically separate OQ, and OQ,, then the poles of the 
lines P,P, and Q,Q, will be conjugate points with respect to 
the cone. 


Let the conic be 

i eg 4 ee (1). 
Let P, =4; P.=th; Q=t'/35 Q=h. 
Then since OP, and OP, harmonically separate OQ, 


and OQ, and since the cross-ratio of any four points on a 
conic = the cross-ratio of their parameters, 


.”. ¢, and # will harwnonically separate ¢,’ and ¢,’, 


ie. [thty’toty’] =—1, 
1.€. (4—t)/) (4—t)) + (4—-t) (4— ty) =9, 
Le. (t, + ta) (ti +t.) = 2 (tht. + ht’)... (2). 
Now the pole of P,P, is (Chap. v, Art. 13) 
SC, CG Ee) neiceemex (3), 


and the pole of Q,Q, is (Chap. v, Art. 13) 
(1, tt) ccadenteadorce: (4), 
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and the two points (3) and (4) will be conjugate to the 


conic (1), Le. 
2 — 4zy =0, 


if (t, +t.) (t) + ty) =2 (ht + ty't.’), 
which is true by (2). 
EXAMPLE 2. 


To find any one of the six values of the cross-ratio that 
the four points, in which the ellipse 


Pp 2 
= + 7 =] 
is cut by the circle 
| ot y= oO, 


subtend at any point on the ellipse. 


Write the equations to the ellipse and the circle in 
the homogeneous forms 


Py pu 2 
a at aE (1), 
APS OF or vsenmaatiswmcccns (2). 
Then (1) may be parametrically represented thus 

-=1-# 

a 

+ = Ot Pere ere: (3) 
z=1+? 


Hence substituting from (3) in (2) we find that the 
parameters of the four points in which the circle is cut by 
the ellipse are given by 
az — b? 


a? — ¢? 


(P+1)'=4 
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Since only even powers of t occur, the roots of (4) must 
be of the form ¢,, —t, t&, — t and since the product of the 
roots = + | we may take the roots as 

1 1 
PE 


1 2. 
| E —t, t’ -F| 


eee 
(1+) 
a? — ¢? 


EXAMPLES. _V. 
1. Prove that the equations 


x=at+ b, 
y=ct+d, 
z=et+f 


represent parametrically a straight line. 

2. Prove that with a given triangle of reference a 
homogeneous system of coordinates can always be chosen 
so that any given line can be represented in the form 

LS, 

y=1, 

z=—(t+1). 

3. Prove that, in the case of the conic 
v=, 
YH, 
z= 2t, 
the equation to the chord joining the points ¢, and ¢, will be 
2t,tv + 2y — (t, + t) 2 =0. 
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4. Prove that the tangential parametric equation to 


a=, 
y=t, 
g= 2 
will be =f, 
m= 1, 
n=—t 


5. Prove that the equation to the chord joming the 
points ¢, and ¢, on the conic 


z=t+1, 
y=t(t+1), 
z=t 

is tte + y —(t, +1) (+1) 2=0. 


6. Prove that the parametric equation in tangential 
coordinates to the conic of Question 5 is 


= #3, 
m=1, 
n=—(1+t) 


7. Shew that in the conic «= #@, y=1, z= 2t, chords 
joining points ¢, and t,, where ¢, and ¢, are connected by 
the relation 


at,t, + bt, + ct, +d=0, 
envelope the conic 
lm (6 — c+ (dl + am — 2cn) (dl + am — 2bn) = 0. 
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8. Prove that chords joining the points ¢, and ¢,, where 
t, and ¢, are connected by the relation 


att.t+ B(i+6)+ y=), 


on the conic zx=t+l1, 
y=t(t+1), 
| z=, 
all pass through the point 
(RB —a@, B—-¥, 8). 


9. Prove that the,chord of c=, y=1, z=(¢+1) 
joining ¢, and ¢, is 


10. Prove that the parametric tangential equation of 
v=, y=1, z=(¢4+1) 18s J=t4+1, m=t(t+1), n=-t. 


11. A conic touching ('A at A and CB at B has the 
equations e=1, y=, z=2t; the point P=? is taken on 
the conic; AP meets CB in Q and BP meets CA in R. 
Prove that the tangential coordinates of QH are given by 
1 =2?,m=2,n=-t. 

What is the envelope of QR as P varies ? 


12. f isa point on the inscribed conic x=, y=1, 
z=(t+ 1), and the tangent at P =t meets CB and CA in 
Q and Ff respectively. Prove that the coordinates of the 
intersection of AQ and BR are (t,1,t+1). Deduce that 
the locus of the intersection of AQ and BR is a straight 
line. 


13. P=t is a point on the circum-conic c=¢+1, 
y=t(t+1),z=t, and the tangent at P meets CA in Q 
and CB in R. Prove that the coordinates of the point of 
intersection of AR and BQ are {(¢ + 1), # (#4 1), é}. 


PARAMETRIC REPRESENTATION 159 


14. P=tisa point on the circum-conic 


xz=t+l, 
y=t(t+1), 
A 


AP meets CB in Q and BP meets CA in R. Shew that 
the tangential coordinates of the line QF are (¢, 1, -t+ 1). 


15. Shew that in tangential coordinates 
l=At+B, m=Ct+D, n=Ht+PF 
represents a point, and hence interpret the result of 
Question 14. 


16. Prove that if a triangle of reference be assigned, 
we can by suitably choosing a parameter and a system of 
homogeneous coordinates represent any given point in the 
form l=t, m=1, n=—(¢ +1). 


17. The conic z=1, y=, z=2t touches CA at A 
and CB at B. X=t, and Y=¢#, are two fixed points on 
the conic and P=t is a variable point on the conic. 
XP meets CB in Q and YP meets CA in R. Prove that 
the equation to QR is 

2th 
t+t, t+, 
Deduce the envelope of QR. 


18. The conic 


xz=1, 
y=t, 
g=2t 


touches CA at AandCBatB. X =t, and Y =t, are two 
fixed points on the conic and P = ¢ a variable point on the 
conic. The tangent at P meets CB in Q and CA in R. 
Prove that the intersection of XQ and YR is the point 


{(t,—t), t2(t—t,)*, tt.? — t, (2¢ — 4) (2t, —d)}. 
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19. P=(&, 1, 0) is a point on the base AB of the 
triangle of reference and CP meets the circum-conic 


“c=t+l, 
y=t(t+1), 
z=ft 


in the point Q=t. Prove that & and ¢ defining P and Q 
respectively in the ways just indicated satisfy the relation 
& =1. 


20. If at? + 2ht+b=0 
and a’t? + 2h’t +b’ =0 


each define a pair of points on a conic given by parametric 
equations, prove that 


(at? + 2ht+b)+A(a'! + 2h't + b')=0 
represents a pair of points on the same conic whose join 
always passes through a fixed point for all values of X. 


21. A line AP drawn from the vertex of a triangle 
to a point in the base BC is divided in Q so that 
PQ:QA::BP:PC. Prove that Q traces out a parabola 
which passes through B, touches C/A at A and has its 
axis parallel to BC. (Math. Tripos.) 


22. IRfe:y:2z=#+4+8t4+2:4+514+1:4¢-—¢41, 
find the tangential equation of the conic and prove that 
the curve is a parabola if the coordinates are areal. 


(St John’s.) 


23. AB is a fixed chord of a given conic, P is a 
variable point on the conic. Prove that the locus of 
the centre of the conic which touches the sides of the 
triangle APB at their middle points is a conic. 
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24. <A parabola touches two lines at fixed points. 
Prove that the locus of the middle points of the portions 
of the tangents to the parabola intercepted by the two 
given tangents is a straight line. 


25. P and Q are any two points on a hyperbola, 
lines are drawn from P and Q parallel to the asymptotes 
forming a parallelogram; shew that the other diagonal 
of this parallelogram passes through the centre of the 
hyperbola. (Queens’.) 


26. If x, y, 2 be ordinary rectangular Cartesian 
coordinates, where z=0 is the line at infinity, find the 
condition that the conic 


z=at?+bt+e, 
y=atl+bt+e, 
z= at? + bt + ce” 


be a rectangular neces and interpret geometrically 
the condition 


a (b’c” —b’c’) + a (b’c — be”) + a” (be’ — b’c) = 0. 
(King’s.) 
27. A square is inscribed in an ellipse, whose semi- 


axes are a and 8, and any point on the ellipse is joined 
to the corners of the square. Prove that one of the 


anharmonic ratios of the pencil so formed is — = 
(Pembroke etc.) 
28. Shew that the director-circle of an ellipse cuts 
the ellipse in four imaginary points. Shew that one of 


the anharmonic ratios which these four points subtend at 
M. 11 
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19. P=(&, 1, 0) is a point on the base AB of the 
triangle of reference and CP meets the circum-conic 


a=t+l, 
y=t(t4+1), 
Z=t 


in the point Q=t. Prove that £ and ¢ defining P and Q 
respectively in the ways just indicated satisfy the relation 
& =1. 


20. If at? + 2ht+b=0 
and at? + 2ht+b’=0 


each define a pair of points on a conic given by parametric 
equations, prove that 


(at? + 2ht+b)+2A(a'l + 2h’'t +b’) =0 
represents a pair of points on the same conic whose join 
always passes through a fixed point for all values of A. 


21. A line AP drawn from the vertex of a triangle 
to a point in the base BC is divided in Q so that 
PQ:QA::BP:PC. Prove that Q traces out a parabola 
which passes through B, touches C'A at A and has its 
axis parallel to BC. (Math. Tripos.) 


22. Ifw:y:z=#4+8t4+2:47+5t4+1:4¢—-¢4+1, 
find the tangential equation of the conic and prove that 
the curve is a parabola if the coordinates are areal. 


(St John’s.) 


23. AB is a fixed chord of a given conic, P is a 
variable point on the conic. Prove that the locus of 
the centre of the conic which touches the sides of the 
triangle APB at their middle points is a conic. 
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24. <A parabola touches two lines at fixed points. 
Prove that the locus of the middle points of the portions 
of the tangents to the parabola intercepted by the two 
given tangents is a straight line. 


25. P and Q are any two points on a hyperbola, 
lines are drawn from P and Q parallel to the asymptotes 
forming a parallelogram; shew that the other diagonal 
of this parallelogram passes through the centre of the 
hyperbola. (Queens’.) 


26. If «, y, 2 be ordinary rectangular Cartesian 
coordinates, where z=0 is the line at infinity, find the 
condition that the conic 


a= at? + bt +c, 
y=al+bi+e, 
z=a P+ b’t+c" 
be a rectangular aeeron and interpret geometrically 
the condition 
a (b’c” — b’c’) + a’ (b’c — bce”) + a” (be’ — b’c) = 0. 
(King’s.) 


27. A square is inscribed in an ellipse, whose semi- 
axes are a and b, and any point on the ellipse is joined 


to the corners of the square. Prove that one of the 
2 
anharmonic ratios of the pencil so formed is — a 


(Pembroke etc.) 


28. Shew that the director-circle of an ellipse cuts 
the ellipse in four imaginary points. Shew that one of 
the anharmonic ratios which these four points subtend at 

M. 11 
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19. P=(&, 1, 0) is a point on the base AB of the 
triangle of reference and CP meets the circum-conic 


ac=t+l1, 
y=t(t+1), 
z=ft 


in the point Q=t. Prove that & and ¢ defining P and Q 
respectively in the ways just indicated satisfy the relation 
f= 1. 


20. If at? + 2ht+b=0 
and a’t? + 2h’t + b’=0 


each define a pair of points on a conic given by parametric 
equations, prove that 


(at? + 2ht +b) +2A(a't? + 2h't +b’) =0 
represents a pair of points on the same conic whose join 
always passes through a fixed point for all values of 2. 


21. A line AP drawn from the vertex of a triangle 
to a point in the base BC is divided in Q so that 
PQ:QA::BP:PC. Prove that Q traces out a parabola 
which passes through B, touches CA at A and has its 
axis parallel to BC. (Math. Tripos.) 


22. Ifw:y:z=#+4+8t4+2: 4+ 5t4+1:4¢-—¢4+1, 
find the tangential equation of the conic and prove that 
the curve is a parabola if the coordinates are areal. 


(St John’s.) 


23. AB is a fixed chord of a given conic, P is a 
variable point on the conic. Prove that the locus of 
the centre of the conic which touches the sides of the 
triangle APB at their middle points is a conic. 
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24. <A parabola touches two lines at fixed points. 
Prove that the locus of the middle points of the portions 
of the tangents to the parabola intercepted by the two 
given tangents is a straight line. 


25. P and Q are any two points on a hyperbola, 
lines are drawn from P and Q parallel to the asymptotes 
forming a parallelogram; shew that the other diagonal 
of this parallelogram passes through the centre of the 
hyperbola. (Queensg’.) 


26. If «, y, 2 be ordinary rectangular Cartesian 
coordinates, where z=0 is the line at infinity, find the 
condition that the conic 


z=at? + bt +c, 
y=al+bt+c, 
zZ a at? + bt + ce” 


be a rectangular gi and interpret geometrically 
the condition 


a (b’c” — b’c’) + a (bc — be”) + a” (be’ — b’c) = 0. 
(King’s.) 


27. A square is inscribed in an ellipse, whose semi- 
axes are a and b, and any point on the ellipse is joined 


to the corners of the square. Prove that one of the 
2 
anharmonic ratios of the pencil so formed is — 


(Pembroke etc.) 


28. Shew that the director-circle of an ellipse cuts 
the ellipse in four imaginary points. Shew that one of 
the anharmonic ratios which these four points subtend at 

M. 11 
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2 


any point on the ellipse is + ” , and that one of the 


anharmonic ratios that these points subtend on the 


s e e b4 
director-circle is + me 


29. The equation of a conic referred to the triangle 
made by two tangents and the chord of contact is a8 = xy’. 
If a’=0 be the tangent at (a,, 8,,7,), 8’ = 0 be the tangent 
at (a, Bo, ¥2) and y’=0 their chord of contact, shew that 
the points of intersection of a with a’, 8 with @’ and vy 
with y’ lie on the line 
¥2 No _. 
7+ 2, B = 2y. 


30. Four points A, B, C, D are taken on 
: =1+ecos6, 
r 


and the corresponding values of @ are a, 8, y, 5; shew 
that the anharmonic ratio of the pencil subtended by 
[ABCD] at any point of the conic is the ratio with the 
sign changed of some two of the three quantities 
sin 4 (8 — +) sin $(a— 69), 
sin } (y - a) sin $(8 - 8), 
sin ¢ (a— 8) sin $(y— 4). (St John’s.) 
31. If ABCD be a collinear range, Q@ the middle 
point of AC, # the middle point of BD, and P the 
intersection of the semi-circles on AC, BD as diameters 
respectively, then shew that the cross-ratio of the range 
formed with any permutation of the four points 4, B, C, D 
is some one of the six quantities 
sin? @, cos?@, —tan?@é, —cot?@, sec?@, cosec? 0, 
where the angle QPR is 20. (St John’s.) 
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32. A, B,C, D are four fixed points on a conic and 
P isa variable point. Shew that the product of [PCBD] 
and [ACPD] is constant. 


33. Shew that the four points whose eccentric angles 
are a, 8, y, 6 subtend at any point on the ellipse a pencil 
whose anharmonic ratio is 


sin 4 (a — 8) sin $ (y — 6) 
sin $ (a — 8) sin 4(y—8) 
(Peterhouse etc.) 


34. Shew that in general the equation of any conic 
can be reduced to the form 


L(a+ayt+bzP+M(y+cz¥+ N2=0, 


and thence shew that the conic can be represented para- 
metrically as #=a,t? + 2b,t +c, etc. (St John’s.) 


35. Find the equation of the tangent to the parabola 

y’ = 4ax (in ordinary rectangular Cartesian coordinates) at 

the point ap?, 2ay; and prove that the equation of the other 

parabola which passes through the origin, and has contact 

of the second order with the given parabola at the above 
point, is 

(40 — 3yny)? + 4ap? (8" — 2uy) = 0. 
(Pembroke.) 


36. Establish the following geometrical construction 
for a parabola touching two sides of a triangle ABC at B 
and C. Lines are drawn parallel to the line through A 
bisecting BC, and the length intercepted between a side 
and the base is divided into two parts whose ratio is equal 
to the ratio of the segments of the base, the shorter part 
of the intercept towards A. The locus of the point is the 
required parabola. (King’s etc.) 
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37. P is any point on the conic az*+ by?+cz?=0 
and A, B, C, D are the four points in which it cuts 


a's? + by? + c'23= 0. 
Prove that the anharmonic ratio of the pencil 
P[ABCD)] is the ratio of some two of the three quantities 


38. Shew that one of the cross-ratios of the pencil 
joining any point on the conic 
S +S! = (aa? + by? + cz") +r (aa? + by? + c’2) = 0 
to the four points given by S=0, S’ =0 is 
b +20’ 
c+Ac’ 
ab’—ab 


ac’ —ac 


Explain the result in case » has one of the values 


~ a ~ Be ae (St John’s.) 


39. A rectangular hyperbola meets the axis of x in 
points K, LZ whose abscissae are 2, dr’ respectively, and 
meets the axis of y in points M, N whose ordinates are 
#4, #’ respectively. Prove that the cross-ratio P[KIMN}], 
P being any other point on the hyperbola, is 


(7~A—2X’) (u—p’) cos @ 
AN’ + pepe’ — (Ap’ + Ap) Cos @’ 
the axis being two lines inclined at an angle o. 
(Clare etc.) 
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37. P is any point on the conic aa’? + by?+cz*=0 
and A, B, C, D are the four points in which it cuts 
a’a? + by? + c'2?@= 0. 
Prove that the anharmonic ratio of the pencil 
P[{ABCD] is the ratio of some two of the three quantities 


38. Shew that one of the cross-ratios of the pencil 
joining any point on the conic 
S +S’ = (aa* + by? + cz") +r (aa? + O'y? + cz?) = 0 
to the four points given by S=0, S’ =0 is 
b+’ 
c+Ac 
abl’—ab 


7 7 
ac —ac 


Explain the result in case has one of the values 


is “> ee (St John’s.) 


39. <A rectangular hyperbola meets the axis of # in 
points K, LZ whose abscissae are A, A’ respectively, and 
meets the axis of y in points M, N whose ordinates are 
ft, #’ respectively. Prove that the cross-ratio P[KIMN), 
P being any other point on the hyperbola, is 


(7-2) (u— p) cos @ 
AA’ + pe’ — (Ap + Ap) Cos 


the axis being two lines inclined at an angle o. 
(Clare etc.) 
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